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Abstract

Overlap in baseline covariates between treated and control groups, also known as positivity
or common support, is a common assumption in observational causal inference. Assessing this
assumption is often ad hoc, however, and can give misleading results. For example, the com-
mon practice of examining the empirical distribution of estimated propensity scores is heavily
dependent on model specification and has poor uncertainty quantification. In this paper, we
propose a formal statistical framework for assessing the extrema of the population propensity
score; e.g., the propensity score lies in [0.1,0.9] almost surely. We develop a family of upper
confidence bounds, which we term O-values, for this quantity. We show these bounds are valid
in finite samples so long as the observations are independent and identically distributed, with-
out requiring any further modeling assumptions on the data generating process. Finally, we
demonstrate this approach using benchmark observational studies, showing how to build our
proposed method into the observational causal inference workflow.

Keywords: overlap, observational study, propensity score, distribution-free, partial identification,
uncertainty quantification

1 Introduction

Observational studies rely on covariate balance or, more formally, covariate overlap for credible
estimation of causal effects. Given a binary treatment 7T and a set of covariates X, the overlap is
measured by how extreme the propensity score e(x) £ P(T = 1 | X) is over the covariate space.
More formally, the overlap condition states that 0 < e(X) < 1 almost surely, which is proved to
be necessary for identification of the average treatment effect (ATE) without assumptions on the
functional relationships between the outcome and covariates [Khan and Tamer, 2010]. Intuitively, if
e(z) = 0 for a subset of covariate values with a non-negligible chance, the counterfactuals under the
treatment can never be identified for those units, rendering the ATE on that subgroup unidentifiable.
Unless untenable assumptions are imposed to extrapolate the missing counterfactual based on other
units with e(z) > 0, the overall ATE cannot be identified.
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The above overlap condition is only sufficient to identification, which roughly amounts to con-
sistent estimation with infinite samples. In practice where only a finite sample is available, stronger
versions are needed. One of the most popular strengthened overlap condition is the strict overlap
condition, which states the following:

Condition 1 (Strict Overlap). There exists some constant 0 < O < 0.5 such that
O0<e(X)<1-0 a.s.

Although it can be replaced by weaker conditions like finite moments of 1/e(X) for certain tasks
[e.g. Chen et al., 2008, Hirshberg and Wager, 2017, Ma and Wang, 2019, Hong et al., 2020, Lei and
Candes, 2020], the strict overlap condition remains widely-used for its interpretability in practice
and convenience in deriving theoretical guarantees. The common practice of trimming extreme
(estimated) propensity scores [e.g. Crump et al., 2009, Yang and Ding, 2017, Ju et al., 2019] is
essentially trying to achieve the strict overlap condition if any violation is observed.

The strict overlap condition motivates a natural one-number summary O* of the overlap for a
given data generating process — the largest O for which Condition 1 is satisfied. We refer to it as
the population overlap slack. By definition, the strict overlap condition with level O is equivalent to
0* > 0.

One common approach to assess overlap in practice is the eyeball test based on distributions of
estimated propensity scores in two groups, as suggested in the textbook by Imbens and Rubin [2015,
Chapter 14]. Despite some rules of thumb, it is unclear whether this approach has any provable
error control for testing the strict overlap condition, or how accurate it assesses O statistically.
Intuitively, this approach would fail to provide a reliable assessment when the propensity score
model is mis-specified.

A natural estimator for O* is the plug-in estimator resting on the extreme value of estimated
propensity scores. Specifically, given an estimate é(x), we can estimate O* by the minimal value of
min{é(x),1 — é(z)} over the samples. Despite its simplicity, this approach lacks reliability from a
statistical perspective since the estimand O* is irregular and classical statistical justification does not
apply to it without discretion. On the one hand, the propensity score model may be misspecified;
even a slight deviation can change the extreme O* drastically. On the other hand, even if the
model is correctly specified, it is challenging to quantify the uncertainty of the estimated extreme
propensity score due to the irregularity of the estimator. In Appendix A, we present examples with
large sample sizes and simple correctly specified parametric models, in which the plug-in estimator
may still drastically overestimate or underestimate the overlap.

Because of the irregularity of the parameter O, it is unrealistic to seek a consistent estimator.
Instead, we introduce the O-value. An O-value is an upper confidence bound of O* in the sense
that P(O* < @) > 1 — a. Given an O-value O, the induced test which rejects Condition 1 if
O < O has valid type-1 error control. Similar to the p-value, the O-value has a one-sided guarantee
— a small O-value provides strong evidence of insufficient overlap while a large O-value does not
justify sufficient overlap. Therefore, an O-value is a “detector” of overlap deficiency instead of an
“estimator” of the amount of overlap. We put a “hat” on O just to highlight that an O-value is a
statistic that is computed from data instead of an unknown population parameter.

Apparently 0.5 is a valid but futile O-value regardless of the model, just as 1 is a valid but useless
p-value. In this paper, we propose four types of O-values — Difference-in-Means (DiM), Difference-
in-Tails (DiT), Difference-in-Ranks (DiR) and Classification Error (CE) O-values — which are valid
in finite samples without any modelling assumption, given independent and identically distributed
(i.i.d.) observations (T;, X;)I ;. As with the eyeball test, our method operates on the estimated
propensity scores via arbitrary statistical or machine learning methods. However, instead of taking
the extreme value directly, our method tackles with more estimable upper bounds of O*. In a
nutshell, our test can take advantage of modern machine learning algorithms to estimate propensity
scores; but rather than hoping for the best, it carefully wraps around them to protect against
overfitting and produce trustable uncertainty quantification — however inaccurate the estimated
propensity scores are, our proposed O-values are always valid.

Apparently, in the distribution-free setting as ours, it is impossible to derive a non-trivial O-value
with two-sided worst-case guarantees in finite samples because one can always keep the extreme



propensity score on a sufficiently small subset of covariates that are barely observed in the data
while raise the rest to 0.5. However, on synthetic and real datasets with moderate sample sizes, our
O-values are observed to be powerful to detect lack of overlap.

In practice, an O-value can also be used as a tool to partially assess the quality of trimming or
matching procedures. The motivation of both procedures is to select units with sufficient overlap.
As a consequence, if the O-value computed on the post-trimming or post-matching dataset is smaller
than expected, it suggests that more aggressive trimming or matching needs to be applied. Similarly,
it can be viewed as a partial diagnostic tool for propensity score fitting in the sense that if the O-
value is much smaller than the extreme of estimated propensity score, the model is invalidated and
needs to be adjusted.

Although the population overlap slack O* is the parameter of interest in this paper, we realize
that it only provides a coarse summary of the extreme behaviors of the propensity score. For
examples, it cannot distinguish the case with P(e(X) € {O*,1 — O*}) = 1 and the case with
Ple(X) € {O*,1 — O*}) = 0.01,P(e(X) = 0.5) = 0.99, although the latter case is clearly more
“overlapped” than the former. We discuss alternative overlap measures at the end of the paper and
show that part of our techniques can be extended to test those parameters. Nonetheless, we focus
on O because it is already sufficiently challenging.

2 Preliminaries

2.1 Notation and assumption

Throughout this paper, we consider a binary treatment T' € {0, 1} with 7' = 1 denoting the treatment
group and 7' = 0 denoting the control group. Denote by X a generic covariate and by e(z) = P(T =
1| X = z) the propensity score. The population overlap slack is defined as

O £s5up{0:0<e(X)<1-0, as.}.
A simple continuity argument shows that
O"<e(X)<1-0%, a.s. (1)

Let (T1,X1),..., (T, X,) denote the observations. In this paper, we rely merely on the following
assumption.
Assumption 1. (T1,X1),...,(Th, X») 5 (T,X).

2.2 Variational representation of population overlap slack

In the distribution-free setting, we cannot expect to recover O* by directly estimating the range of
e(X). Therefore, we need to find implications of (1) which yield estimable upper bounds of O*.

Since X is potentially mixed-typed and high-dimensional, the first step is to simplify X into a
“standard form”. Consider any function s(-) on the domain of X. Let es(z) 2 P(T =1 | s(X) =
s(z)) and OF denote the population overlap slack of e;(x), i.e.

Of 2s5up{0: 0 <e(X)<1-0, as.}.
Then OF > O* for any transformation s(-) because
es(z) =P(T =1]s(X)=s(z)) =E[e(X) | s(X) = s(z)] € [0",1 - O]

On the other hand, when s(+) is the true propensity score, O = O* because e(X) =P(T =1| X) =
P(T =1|e(X)). This simple fact is a special case of Theorem 2 of Rosenbaum and Rubin [1983]
which states that the propensity score is the coarsest balancing score. Putting two pieces together,
we obtain the following variational representation of the population overlap slack.



Proposition 2.1. Let X denote the domain of X and F be the set of all measurable functions
s: X+ [0,1]. Then
O* = inf O,
s(-)eF
where the equality holds when s(-) = e(+).

Suppose we have a “magical” tool that can produce valid O-values when X is univariate and lies
in [0,1]. Then we can transform X into a single number s(X) and treat s(X) as the new covariate.
The tool can provide @ which is an upper confidence bound of O%. As implied by Proposition 2.1,
O is a valid O-value. However, it is loose if O > O*. By Proposition 2.1 again, we need to find a
transformation s() that approximates the true propensity score.

2.3 Generic covariate standardization via data splitting

A natural strategy is to set s(z) = é(z) for some estimated propensity score é(-). Noticing that
Proposition 2.1 requires s(-) to be a deterministic function that does not depend on the data, we
cannot estimate the propensity score using the full data and apply the O-value tool on é(X;)’s again.
To avoid the double-dipping issue, we randomly split the data into two folds and train é(z) on one fold
using any probabilistic classifier, including the logistic regression, random forest, gradient boosting,
deep neural net, and so on. On the second fold, we transform the covariate X; into S; 2 é(X;) and
apply the O-value tool on the reduced dataset {(73,5;) : i € fold 2}. The resulting O-value is valid
conditional on the fold 1 and thus valid unconditionally.

Contrasted with the heuristic approach to assess overlap, our method processes the estimated
propensity score indirectly through the “magical” O-value tool for univariate covariates. Throughout
the rest of the paper, we focus on the setting where

(T3, 81), -, (Tn, ) "% (T, S),  where S € [0, 1].

With a slight abuse of notation, we denote by O* the induced population overlap slack sup{O : O <
P(I'=1|95)<1-0, a.s.}. The goal is to derive valid upper confidence bounds for O*. It should
be kept in mind that an upper confidence bound of the induced population overlap slack is a valid
O-value by Proposition 2.1.

2.4 Strict overlap as a density ratio condition

D’Amour et al. [2017] reveals the connection between the overlap and balance of covariate distribu-
tion. In particular, denote by Py and P; the covariate distributions under the treatment and control
respectively, i,e.

P(S€A):=PScA|T=1), P(S€A):=PScA|T=0).
Further let 1 = P(T = 1) denote the marginal intensity of treatment. Then by the Bayes formula,
O* PT=1|5 _1-0*

*FLP(T = <1-0*¢ .S. < < .S.
OSBT=115<1-0" as. <= "G5 <pr=o/s = o **
. al—m OF dpP; 1-711-0* 4 N
. . £ < — < = ax ; 2
= bpin(O%7m) £ - 1—(’)*_dPO(S)_ - o0 bmax(O*; ) a.s (2)

As a consequence, (1) is equivalent to a density ratio condition.

2.5 A general strategy

Density ratio estimation is a widely-studied problem in the literature [e.g. Sugiyama et al., 2012].
However, in the distribution-free setting like ours, direct estimation of the likelihood ratio with
reliable uncertainty quantification is hard even if S is univariate. Moreover, direct estimation of the
extreme values of a density ratio is unstable and sensitive to hyperparameters like the bandwidth.



Instead, we seek implications of (2). Intuitively, (2) controls the “discrepancy” between P; and
Py. Since both P; and P, are probability measures, by (2), bmin(O*;7) < 1 < bpax(O*; 7). This
yields a naive upper bound of O* as min{m, 1 — w}. Furthermore, the equality holds if and only if
bmin(O*;7) = 1 or byax(O*;7) = 1, in which case P; = Py and thus the data is from a completely
randomized experiment.

However, the naive bound completely ignores the imbalance between P; and Py and thus is not
powerful. To derive tighter bounds, we need to take the estimated propensity scores into account.
D’Amour et al. [2017] shows that the difference of means |Ep, [S] — Ep,[S]| is bounded by a function
of O*. Inverting their bound, we are able to obtain an upper bound of O* as a function of the mean
difference. As opposed to the density ratio, the mean difference is much easier to estimate, thereby
enabling reliable uncertainty quantification in finite samples.

In general, given a measure of discrepancy A(Py, Py), our first step is to derive an O*-dependent
upper bound Ba(O*) from the density ratio condition (2) in the sense that

A(Py, Py) < Ba(O7). (3)

For example, Theorem 1 of D’Amour et al. [2017] essentially considers a measure of discrepancy
based on the normalized mean difference with

|EP1 [S] - EPO [SH
Varp, [5]

AP, Py) = , Ba(O") = \/(1 = bmin (0% 7)) (bmax (O 1) — 1).

Typically, Ba is decreasing in O* because larger overlap implies a smaller distributional discrepancy.

In these cases, if we can find a (1 — «) lower confidence bound A~ (P, Py) of A(P1, Fy), then
O 2 B (A= (P, P)) is a valid O-value because

P(O* < O) =P(A™ (P, R) < A(P, Ry)) > 1 - (4)

2.6 Contrast with two-sample testing-based methods for overlap

A closely related line of works treats the overlap assessment as a two-sample testing problem and tests
the equality of the covariate distributions or the distribution of propensity scores under two groups
[e.g. Gagnon-Bartsch et al., 2019, Kim et al., 2019, Chen and Small, 2016, Kim et al., 2016]. Those
works essentially test the hypothesis that dP;(S)/dPy(S) = 1 almost surely. A simple algebra shows
that P; = P if and only if e(X) is a constant almost surely. Despite being more statistically sound
than the heuristic eyeball assessment, this type of methods is testing a overly stringent hypothesis
that the observational study is a completely randomized experiment. As a result, rejecting this null
hypothesis does not necessarily imply a lack of overlap — a non-constant propensity score lying in
[0.4,0.6] is totally fine in terms of overlap. By contrast, the density ratio condition (2) is much
less stringent and an violation of it with a small O* does imply the lack of overlap because it is
equivalent to the strict overlap condition that we aim to test.

3 O-values

In this section, we derive four types of O-values based on different discrepancy measures and different
techniques to construct their lower confidence bounds. As mentioned in Section 2.6, our O-values are
closely related to two-sample tests of distributional equality. It turns out that each type of O-value
is analogous to a type of two-sample test. We summarize them in Table 1. The definitions of the
symbols can be found in following subsections. The techniques to get A_(Pl, Py) for all types of
O-values are quite involved technically so we presented a looser but more interpretable version in
this section and discuss the tighter version to Appendix C.



Type ‘ A(Py, By) ‘ Technique to get A_(Pl, Py) ‘ Analogue
Hedged capital bound
DiM | — uo|’ |1 — pol [Waudby—Sm@l.l and Ramdas, 2020] Student t-test
oo o1 Maurer-Pontil inequality
[Maurer and Pontil, 2009]
DKWM inequality
[Massart, 1990b]
: P (A) Py(A) | Line-crossing probability .
DiT 21613 PO(A>7ZL€1€)4 PL(A) | [Dempster, 1959] Kolmogorov-Smirnov test
Generalized Simes’ inequality
[Sarkar et al., 2008]
P(SM > §0) .I-Ioeﬂdi.ng—Bentkus—l\/.[al.lrer
DiR 1) g(0) - P &P inequality for U-statistics Wilcoxon rank-sum test
(59, 59) ~ Pre By [Bates et al., 2021a]
CE P(T =I(S>n)) Same as DiT O-value Classification-based test

Table 1: Overview of four types of O-values

For a moment, we pretend that 7 is known and 7 < 0.5 to avoid unnecessary complications. We
will discuss this issue in Section 3.5. All technical proofs are relegated into Appendix B.

3.1 Difference-in-Means (DiM) O-value

D’Amour et al. [2017] show that the overlap implies balance in terms of the covariate means in two
groups. Their bound is stated for general multivariate covariates and its proof is based on Rukhin
[1993]’s bounds of f-divergences for families with bounded likelihood ratio. Here, the covariate S; is
univariate, the bound can be stated in terms of the normalized mean differences 77 and Ty:

7 = Tl = o]
g1 g0

where 111 = Ep, [S], io = Ep,[S], and 0% = Varp, [S],0% = Varp,[S]. When 1 = pg and o1 (or og)
is zero, we set Ty (or Tp) to be zero.

Theorem 3.1 (D’Amour et al. [2017], Theorem 1).

TO < \/(1 - bmin(O*; W))(bmaX(O*;ﬂ—) - 1)’ Tl < \/(1 - bmax(O*; W)il)(bmin(O*; 71—)71 - 1)

Equivalently,

" 1 1 m(l—m
@) SOSiM(T()»TI;W)é*_ = ( ) D)
2 4 max{nTy, (1 —m)T1}" +1

The proof is presented in Appendix B for completeness. According to the general strategy in
Section 2.5, it remains to find simultaneous lower confidence bounds T and 7;; such that

P(T;ng,Tg §T0> >1-a. (5)

Intuitively, T7 and Ty can be estimated by replacing the means and variances with their empirical
estimates. However, it is challenging to quantify the uncertainty in the distribution-free setting
without resorting to asymptotics.

Here, we use the property that S; € [0,1] by construction. This simple property enables finite-
sample valid uncertainty quantification via the well-known empirical Berstein inequality.



Proposition 3.1 (empirical Berstein inequality, [Maurer and Pontil, 2009]). Let Z1,..., Z, be i.i.d.
with Z; € [0,1]. Further let i and 62 be the empirical estimates of the mean and variance, i.e.

Then with probability 1 — 6,

2log (5)  Tlog (5) o
n 3(n—1) n—

li—pl <o

Let fi1,6% (resp. fig,52) be the empirical estimates of the mean and variance for (S;)7,—1 (resp.
(Si)1;=0). Further let ny and ng denote the size of the treatment and control group. By setting
d = a/4, we have

|[e — pe] < Cu(6e,me30/4),  o0r < 6¢+ Co(ng; a/4)
simultaneously for ¢t € {0, 1} with probability at least 1 — . This yields a lower confidence bound
of T; that satisfies (5) as

- max {0, |1 — fuo] — Cpu(61,n1; 0/4) — Cpu(60, 105 /4)}
¢ Gt + Cx(ng; af4) '

(6)

By (4) and Theorem 3.1, we obtain a closed-form expression of the DiM O-value.

Theorem 3.2. Let Tl_ and To_ be defined in (6) and Oy, be defined in Theorem 3.1. Then
Opim 2 O (Ty s T3 7) is a valid O-value.

As discussed in Section 1, O induces a valid test for Condition 1 by rejecting it when @ < O. In
the special case @ = min{n, 1 — 7}, which corresponds to the completely randomized experiment,
both bounds in Theorem 3.1 are zero. As a result, our test rejects Condition 1 with O = 7 if

max{Tf,TO_} <0<+ ‘/.Al,l — ﬂ0| < C’M(&l,nlga/ll) + CM(&O,TZ();O(/ZL).

By contrast, the two-sample Student t-test, which works under the assumption of equal variances

0? = 02 = 02, rejects the hypothesis if

(ny —1)62 + (ng — 1)63
| — /Jo|<\/*+ \/ ;_(2 ) Ota/z(n—Q)

where t,, /5(n—2) is the («/2)-th upper quantile of the ¢-distribution with degree-of-freedom n—2. For
illustration, consider & = 0.05. When n; and ng are in the same order as n, 61,60 = 0+ Op(1/y/n),
and the rejection region given by the DiM O-value is

poomi< (e () 0(2) = (i o

while the rejection region given by the two-sample Student t-test is

N N /1 1 /1 1
\ul—uo| < —+—Uta/2(n—2)’fw — + —1.960.
ny No ni no

Therefore, the test for O* = 7w induced by the DiM O-value is very similar to the two-sample Student
t-test. Nonetheless, our test is always valid in finite samples while the latter requires Gaussian
variables and equal variances. As a byproduct, our DiM O-value provides an exact solution for
non-parametric Behrens-Fisher problem [Behrens, 1929, Fisher, 1935].

Although the empirical Bernstein inequality provides a neat confidence region, the constants are
unsatisfactory. In Appendix C.1, we derive a sharper DiM O-value based on the recently developed
betting-based confidence interval for mean parameters [Waudby-Smith and Ramdas, 2020].




3.2 Difference-in-Tails (DiT) O-value

A direct implication of the density ratio condition (2) is that, for any event A C [0, 1],

PI(A) < bmax(o*;ﬂ_)

bmin (0% ) < Po(d) = . (8)

When S; is an estimated propensity score, we expect S; to be larger for treated units and smaller

for control units. As a result, (8) is most likely violated for tail events. In particular, we consider

the collection of intervals [0, z] and [x,1] for any z € [0, 1] and denote it by A. Let

v1 £ sup M v £ sup Ro(4)

Aca Po(A) Aca Pi(A)

Then v1 and v can be viewed as discrepancies between P; and Py in tails. The O*-dependent bound
can be directly derived from (8).

9)

Theorem 3.3. Let v1 and vy be defined in (9). Then
141 S brnaX(O*;ﬂ-)a o S brﬂin(O*;ﬂ-)il'

Equivalently,

1-7
0" < 0, ;) £ mi -
< Opyr(vo, v1;7) mm{ﬂ+(1—7r)z/0’1—7r+7r1/1

Similar to DiM O-values, it remains to find simultaneous lower confidence bounds 77" and
such that
P(ﬁfguhﬁgguo)ZI—a. (10)

To derive a confidence region for (v_,v, ), we recall the well-known Dvoretzky-Kiefer-Wolfowitz-
Massart (DKWM) inequality [Dvoretzky et al., 1956, Massart, 1990a].

Proposition 3.2 (DKWM inequality). Let Zi,..., Z, be real-valued i.i.d. random variables with
the cumulative distribution function (cdf) F(z). Further let Fp,(z) be the empirical cdf. Then with
probability 1 — 6,

log(2/6)

5 Fm _F S - a5
Zl@lﬁl (2) = F(2)| o

Let P, and Py be the empirical measure of S;’s in the treatment and control group, respectively.
Applying Proposition 3.2 to both P; and Py, we obtain that

max_sup |P(A) — P,(A)] < log(4/a)

with probability 1 — a.
te{0,1} AcA 2ny

On this event,

Py(A) — \/log(4/a)/2n, A Pi(A) — \/log(4/a)/2n,

A— A
Vo 2> Uy = sup —

Aca P (A) + /log(4/a)/2n;’ - Aca Py(A) + /log(4/a)/2ne ()

Therefore, (97,7, ) satisfies (10). Inverting the bounds in Theorem 3.3, we obtain a closed-form
expression of the DiT O-value.

Theorem 3.4. Let 0y and 9y be defined in (11) and Of.1 be defined in Theorem 8.3. Then
Opit £ 0% (Dy , 07 ;7) is a valid O-value.

When applying the DiT O-value to test the strict overlap condition with @ = min{r,1 — ]r}, or
equivalently P, = Py, the two-sample Kolmogorov-Smirnov’s test uses the statistics SUP,¢[0,1] |Fy(z)—

Fy(z)|, where Fy and F, are empirical cdfs of Ss for treated and control units. The test induced
DiT O-value essentially uses the supremum of the log-difference of two empirical cdfs.



Although the DKWM inequality is the tightest bound for |E,(z) — F(z)| in the literature, it
is still not tight enough for DiT O-values because DiT O-values are useful only when there exists
an event A that has relatively small probability under P; or Py, for which the induced DKWM
confidence bound can be trivial. In particular, when F,,(z) < \/log(2/)/2m, the lower confidence
bound for F(z) is 0. In Appendix C.3, we derive a sharper DiT O-value based on a hybrid of the
DKWM inequality, Dempster’s line-crossing probability [Dempster, 1959], and generalized Simes’
inequality [Sarkar et al., 2008]. The techniques are proposed by Bates et al. [2021b] for outlier
detection.

3.3 Difference-in-Ranks (DiR) O-value

Apart from the Student t-test and Kolmogorov-Smirnov test, the Mann-Whitney U-test, also known
as the Wilcoxon rank-sum test, is another popular yet qualitatively different test for two-sample
problems. Assuming no ties in (5;)?; (otherwise adding a tiny random noise to each S;) and
letting R; denote the rank of S; in ascending order, the Mann-Whitney U-statistic is defined as
U= ETi:l R; — ni(ny + 1)/2. When testing the equality null P, = Py, the critical value can be
found through permutations or by asymptotic normality theory.

However, in our case we do not have strict equality but a density ratio condition (2). Thus the
standard critical value is invalid. To apply the idea to our problem, we use an equivalent formulation
of the rank-sum statistic R. Since there is no tie,

Ri=1+4> I(Si>S5)). (12)
j=1
AS a consequence,
U= 1(Si > S)). (13)
T,=1,T;=0

It is well-known that [Hanley and McNeil, 1982] the rescaled Mann-Whitney U-statistic U/ /ning is
an unbiased estimator of the area under the receiver operating characteristic curve (AUROC) for
thresholding classifiers {s — I(s < ¢) : ¢ € [0, 1]}. Intuitively, a larger overlap makes P; and P, less
distinguishable, and thus drives the AUROC smaller. Let

P 2P (S(l) > S<0>) . where (SU,S©) ~ P, @ P, (14)

where ® denotes the Cartesian product. The following theorem quantifies the heuristics.

Theorem 3.5. Let S and SO be independent draws from Py and Py respectively. Assume that
neither Py nor Py has a point mass (otherwise convolute them with a small random noise). Then

1-0* or
max{p.,1 —p.} < 201 =207 <2 - 7T(1—7r)) '

When O* = 1/2, the bound is taken as 1/2. Equivalently,

1 1—2m)2
0" < O i) 2 2 (1= 1 = 2] - L2 ro - (a2

When O* = 7, Theorem 3.5 implies that max{p.,1—p.} < 0.5, and thus p, = 0.5. This recovers
the Mann-Whitney U-test whose critical value is based on this fact. Since (T3, S;)’s are i.i.d.,

ElUl=n(n-1DP(S;>S; | T; =1,T; =0)P(T; =1,T; =0) =n(n — D)p.w(l — 7). (15)

It remains to construct lower and upper confidence bounds for E[U ]



Noting that the summands of U are dependent, we cannot apply the empirical Bernstein/Bennett
inequality used in DiM O-values. Nonetheless, as suggested by its name, U can be formulated as a
U-statistic of order 2 with a symmetric kernel:

U=> T,(1-T)IS:>S;) =Y 6(Z,Z))
i#] i#]
where Z; = (S;,T;) and
o(Zs, 2;) = (A - T)1(S: > 5;) + T;(1 — Ti)I(S; > Si) (16)

2

It is easy to see that ¢(Z;, Z;) € {0,0.5} and thus ¢ is a bounded kernel. We can apply the empirical
Bernstein inequality for U-statistics.

Proposition 3.3 (Peel et al. [2010], a slight modification! of Theorem 3 with m = 2). Let Z1,...,Z,
be i.i.d. and ¢(z,2z") be a symmetric bounded kernel taking values in [0,0.5]. Let

Z(b Z;, Z 6'2 = n(n — 1)(7117 2)(TL — 3) Z (¢(Zz17 Zm) - ¢(Zz37 Z; )) .

175] i1 FiaFi3 £l

Then with probability 1 — 6,

Although 62 involves O(n?) terms, we show that it is easy to compute in our case.

(n—l)(n 4Ho - 20 + 250" | R?
n(n —1)(n —2)(n - 3)

. {ZT o I(Si>8) (ifTi=1)

Lemma 3.1. & where R; is defined as

i = Yo IS5 >8;) (if T; =0) (17)

Combining (15) and Proposition 3.3, we obtain simultaneous lower and upper confidence bounds
of p, as

P~ = max
nin—1

m(l—m) + m(l—m7)

U 3 Cu(6,n; ) NN
yml—n) (-7 ’O}’p -

max U C’U(U,n;a)’l
n(n —1)
This induces a valid lower confidence bound for max{p.,1 — p.} as max{p—,1 —p*}.

Theorem 3.6. Let p~ and p* are defined in (18) and OﬁiR be defined in Theorem 3.5. Then
Opir & Ofg(max{p~,1 — pT};7) is a valid O-value.

(18)

Under the null hypothesis Hy : O = m, p, = 0.5 as shown by Theorem 3.5, and the Mann-Whitney
U-test rejects the null if

U o1 U [(n+1) / 1
—_Zl< |V = oy — 19
ning 2 ‘ - ar (nlno ) /2 12n1ng “a/2 127(1 — 7r)nZO‘/27 (19)

where z, /7 is the a/2-th quantile of the standard normal distribution.
If we use the induced test by the DiR O-value, Hy is rejected if

U 3 1’ Cy(6,n;a)
nn—Dr(l—m) 2|~ =w(l—mn)

IThe original result is stated for kernels bounded by [0, 1]. This version is obtained by a simple rescaling argument.

S

(l—m) .
—= < <
9 =p
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Since ny/n ~ w,ng/n = 1 — 7, this rejection region is approximately

uvo1 G 4log (%)

ning 2‘7‘((1—77) n

By (19) and Chebyshev’s inequality,

Q

, U 202Nﬁw(l—w)_2<07r(1—7r)>2 (1= 1) (1 = (1 — 7))
2 )

where the last term in Lemma 3.1 is ignored because i | R? < n® = o(n*). As a result, the
rejection region (20) is approximately

1‘ - \/2(1 —7(1 —w))log(é).

ning 2 (1 —m)n

When a = 0.05 and 7 = 0.5, the rejection threshold of v/n|U/ning — 1/2| is 1.132 for the Mann-
Whitney U-test and 5.128 for the DiR O-value induced test. Again, the constants of empirical
Bernstein’s inequality are unsatisfactory. In Appendix C.2, we will derive a sharper DiR O-value
based on the Hoeffding-Bentkus-Maurer inequality [Bates et al., 2021a].

3.4 Classification-error (CE) O-value

In the special case where O* = 7, e(X) = 7 almost surely, T is independent of X. As a result, the
permutation test with any test statistic is valid in finite samples if T is permuted. In particular, the
classification permutation test [Gagnon-Bartsch et al., 2019] uses the classification accuracy as the
test statistic and rejects the null if it is significantly smaller than the typical values of the accuracy
obtained with T' randomly permuted.

In our case, the permutation test is no longer valid because the independence between T" and X
may fail to hold if O* < 7. Nonetheless, D’Amour et al. [2017] derive another important implication
of the strict overlap condition, which states that no classifier can achieve an expected accuracy higher
than 1 — O* if X is used as covariates to predict T'. The proof is based on the simple fact that the
Bayes optimal classifier is I(e(z) > 0.5) [Devroye et al., 2013], for which the expected classification
error is E[min{e(X), 1 —e(X)}], which is lower bounded by O*. Intuitively, the optimal classification
accuracy measures the discrepancy between P; and Fj.

Given the estimated propensity scores, we can classify T' by a threshold learner I(S > n) for
some 7. The above result shows that the expected classification error is at least O*.

Theorem 3.7. Let £(n) £ P[T = I(S > 1)]. Then £(n) <1 — O* for any n € [0,1]. Equivalently,
0 < OéE 21 — Enax, where Epax =1 — SUP,e0,1] EMm).

Recalling that S is the estimated propensity score, the above class of threshold learners is quite
general because most classifiers essentially threshold an estimate of P(T"=1 | X = z). The threshold
can be chosen by minimizing & (n), the classification error on the validation set with threshold 7.
A lower confidence bound for Enax can be obtained based on Epax 2 maxng (n) by controlling
the maximum gap between £(n) and £(n). Since the class of threshold learners has a Vapnik-
Chervonenkis dimension 1, we can use the empirical process theory to bound the discrepancy. In
particular, we consider the following version by Vapnik [1995] which has tighter constants than most
of the textbook versions.
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Proposition 3.4 (adapted from Vapnik [1995], Section 3.4, (3.15)). P(E;

max

< Emax) = 1 — a where

5; s g \/log(2n +1)+1log (%) .
n

Proposition 3.4 yields a valid O-value O = 1 — -, which we refer to as the CE O-value.
It is attempting to remove the logarithmic factor using the chaining argument [Talagrand, 2006],
resulting in a bound C/log(1/a)/n. However, we are not aware of any version of this kind with a
satisfactory constant C that outperforms Proposition 3.4 for reasonable sample sizes, say n < 10'°.
This makes a case where the constant matters more than the convergence rate. Indeed, we discuss
a sharper CE O-value using the techniques for the DiT O-value in Appendix C.4.

3.5 Nuisance parameter and derandomization

In previous subsections, we assume 7 is known while in practice it is unknown in general. Among
the four types of O-values we discussed, only the CE O-value does not depend on 7 while the DiM,
DiT, and DiR O-values depend on 7 in complicate ways. Let o (7; ) denote a generic valid O-value
that depends on 7w with level a. If we can find a (1 — ) confidence interval [7#~,# "] for 7 for a
v < @, then

O% sup O(ma-—7) (21)

me[f—,wt]

is a valid O-value with level « via a simple union bound. In our implementation, we use the Clopper-
Pearson bound with v = 0.1a because the interval is not sensitive to ~.

The data splitting step or the usage of a randomized algorithm to fit propensity scores, e.g.
random forest, introduces extra unwanted randomness into O-values. To derandomize O-values, we
can repeat the procedure for B times with level a;/2 and then report the median. The following
proposition shows that the resulting O-value remains valid in finite samples.

Proposition 3.5. Let @(1) (’)(B) are B O-values with level qa for some q € (0,1), which can
be arbitrarily dependent. Deﬁne (9 be qth lower quantile of {(’) (’)(B)}, i.e.

@Ainf{ BZI o® <) >q}

Then O is a valid O-value with level a.

Conditional on the data, the O-values in each run are i.i.d.. Therefore, when the B — oo, the
median converges to a deterministic quantity that only depends on the observations and the resulting
O-value is purely deterministic.

3.6 Approximate O-values in large samples

The O-values discussed in Section 3 are intrinsically conservative for two reasons. First they es-
timate upper bounds of O*, e.g. OB‘iM(TO,Tl;W) defined in Theorem 3.2, and the gap could be
potentially large. Second, the O-value incorporates the finite sample uncertainty by underestimat-
ing the determinants (e.g. Tp,T1) of the upper bound. Since the aforementioned O-values are valid
in finite samples uniformly for all propensity score estimators, the second source of conservatism is
non-negligible in order to handle small sample sizes and poor estimators.

Given an upper bound of O*, we may derive a less conservative O-value by being more optimistic
in the finite sample uncertainty if the sample size is large and the propensity score estimator is
relatively well-behaved. In particular, we consider the case where é(X) is uniformly consistent in
the sense that there exists a function e*(x), which is not necessarily the true propensity score e(x),
such that

sup |é(z) — e*(x)| B 0 as the size of the training set goes to infinity, (22)
xT
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where 2 denotes the convergence in probability. This condition is much weaker than the consistency.
When é(z) = f(; ) for some parametric family f(z;6) where 6 = arg min,(1/n) S T, f(X5,0))
for some loss function ¢, the classical quasi-likelihood theory [White, 1982] shows that 6 converges
to 6* = arg ming E[¢(T, f(X, 0))] in probability under mild regularity conditions. The condition (22)
is then satisfied if f is uniformly continuous in 6, even if the parametric model is misspecified. For
general nonparametric estimators, (22) continues to hold with e* identified as the “projection” onto
the specified model, provided that the model class is relative simple; see Pollard [1990] for more
details.

Under (22), the naive eyeball test still does not work since e*(x) may be drastically different
from e(x). Nonetheless, it ensures that S; ~ e*(X;) uniformly for all ¢ with high probability. If
S; = e*(X;) for any deterministic function e*, Of\; (Theorem 3.1), Of.1 (Theorem 3.3), Ofx
(Theorem 3.5), and Ofy, (Theorem 3.7) are still legitimate upper bounds of O* since the theorems
do not depend on the specification of e*. When S; ~ e*(X;), with some mild regularity conditions,
we can show that the plug-in estimates of the upper bounds are approximate O-values in the sense
that

P(O* —e<O) =1

for any € > 0 as the total sample size tends to infinity.
Theorem 3.8. Let # = ny/n. Assume that m € (0,1) and é(x) satisfies (22).

e (Approzimate DiM O-value) Let ¢ > 0 be any constant. Assume that Varle*(X) | T =
1], Var[e*(X) | T = 0] > 0 or E[e*(X) | T = 1] # E[e*(X) | T = 0]. Then OF,, is an
approzimate O-value where

A Ao 2 iy — flo] 7 iy — fio
Ofng & OF (T, T 7), Ty = ol g i = fiol
g1 (o))

e (Approzimate DiRR O-value) Let U be defined as in (13). If the distribution of e*(X) has no
point mass, then OF is an approzimate O-value where

@SiR £ OSiR(U; 7%)

e (Approzimate CE O-value) Let £(n) be defined as in Theorem 3.7. £f(n) = P(T = I(e*(X) >
n), T =t). If E(n) has a uniformly bounded derivative for both t = 0,1, then @SE is an
approzimate O-value where

OFp 21— sup E(n).
n€lo,1]

Theorem 3.8 does not include an approximate DiT O-value because OEiT is characterized by
density ratios where the denominators can approach zero no matter how large the training set is.
Put another way, unlike the other upper bounds, OBiT is an irregular estimator, and thus the plug-in
estimator is unreliable.

4 Empirical Demonstration

4.1 An illustrative simulation study

We compare different O-values on an illustrative synthetic dataset. In particular, we consider a
simple data generating process where X; i N(0,1I,) with p € {10,30,100}. The propensity score
function is designed as

(y < Cl)

é (> e) f(y) is linear in [eq, co),

o(a) = 1" B), fly) = {
B

where 1 = --- = 10 = 1,611 = ... = B, = 0, ¢1 is chosen such that Ple(X) = 0.1] € {0.2,0.8},
and ¢y is chosen such that Ple(X) = 0.9] = 0.2. Clearly, the population overlap slack O* = 0.1.
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Figure 1: Comparison of refined and approximate O-values when Ple(X) = 0.1] = 0.8. Each line

plots the 95% quantile across 50 replicates.
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Figure 2: Comparison of refined and approximate O-values when Ple(X) = 0.1] = 0.2. Each line

plots the 95% quantile across 50 replicates.

The case with Ple(X) = 0.1] = 0.2 is harder than the case with Ple(X) = 0.1] = 0.8, because
Ple(X) € {0*,1—0*}] = 0.4 in the former while Ple(X) € {O*,1— O*}] =1 in the latter. For each
sample size n € 100 x {2%,22 ... 26} we generate 50 independent datasets {(T;, X;) :i=1,...,n}.

For each dataset, we compute the DiM, DiT, DiR, and CE O-values with o = 0.05. We apply the
gradient boosting and random forest as the learner to estimate propensity scores. For comparison,
we compute the simple versions (Section 3), the refined versions (Appendix C), and the approximate
versions (Section 3.6) of O-values. The O-values are implemented in the R ovalue package, available
at https://github.com/lihualei71/ovalue. The programs to reproduce the simulation results
are available at https://github.com/lihualei71/ovaluePaper.

Figure 1 and Figure 2 present the 95% quantile of the refined and approximate O-values, which
is supposed to be at least O* = 0.1 when the O-value is valid. Unsurprisingly, all exact O-values
are valid as guaranteed by our theory. The approximate O-values are also valid in this example
even with a sample size 200, and they are generally tighter than the exact ones. As expected, the
O-values are tighter when a larger fraction of propensity scores are taking the extreme values. In all
settings, the gradient boosting yields substantially more powerful O-values than the random forest.
With the gradient boosting, the DiT O-value is the best exact one and the DiR O-value is the best
approximate one.

Figure 3 displays the mean of simple and refined versions of all O-values with gradient boosting.
Clearly, the refined techniques yield tighter O-values, especially when the sample size is moderate.

4.2 Real data analysis

O-values can be computed whenever an estimate of the propensity score function is available. There-
fore, we can evaluate them on almost any real-world dataset. For demonstration, we compute the
O-values on the Lalonde data, initially collected by LaLonde [1986] and later reanalyzed by Dehejia
and Wahba [2002]. The dataset is used to evaluate the effect of National Supported Work Demon-
stration on earnings. It includes a treated group and a control group from a randomized experiment,
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Figure 3: Comparison between simple and refined (exact) O-value with gradient boosting. Each line
plots the average over 50 replicates.

together with three external control groups from the Current Population Survery (CPS) and three
external control groups from the Panel Study of Income Dynamics (PSID). Here, we use the data
curated by Dehejia and Wahba [2002], which involves 185 treated units and 8 covariates: age, edu-
cation, Black (1 if black, 0 otherwise), Hispanic (1 if Hispanic, 0 otherwise), married (1 if married,
0 otherwise), nodegree (1 if no degree, 0 otherwise), earnings in 1974 and 1975. The sample sizes of
the control groups are summarized in Table 1. For each control group, Table 1 presents the exact
DiT O-value and the approximate DiR O-value with o = 0.05 and gradient boosting as the learner
to estimate propensity scores. Other types of O-values with other propensity score estimators are
presented in Appendix D. To reduce the algorithmic randomness, we report the median O-value
from 1000 independent data splits.

\ CPS \ PSID \ RCT
| no DiT  DiR (app.) | no DiT  DiR (app.) | no DiT  DiR (app.)

Raw | 15992 0.0026 0.0006 2490 0.0176 0.0036 260 0.4831 0.3865
V2| 2369 0.0213 0.0079 253  0.2336 0.0750
V3| 429  0.1428 0.0691 128 0.3133 0.1002

Table 2: Sample sizes, exact DiT O-values, and approximate DiR O-values for each control group
in Lalonde data. Both O-values use the gradient boosting to estimate propensity scores.

Note that the population overlap slack is not scale-free in that O* < w. As a result, when the
treated and control groups are highly imbalanced in sizes, even a completely randomized experiment
would have a small population overlap slack. Hong et al. [2020] showed that the convergence rate
for the usual ATE estimator is vnO* without additional restrictions on the outcome. Therefore,
nO* can be viewed as an effective sample size. If the data had been drawn from a completely
randomized experiment, the effective sample size would have been nmin{m,1 — w}. Therefore,
we can consider the normalized population overlap slack O*/min{m,1 — 7}, which measures the
efficiency relative to the most overlapped case, i.e., the completely randomized experiment. A
natural estimator of the relative efficiency is n@/ min{ny,ng}. Here, we compute estimates of the
efficiency loss L = max{0,1 — nO/min{n;,ne}}. Table 3 summarizes the results for exact DiT
O-values and approximate DiR O-values. Since O is an upper confidence bound of OF, L is an
optimistic assessment of the efficiency loss caused by lack of overlap.

Clearly, the external control groups suffer from substantial lacks of overlap. The numbers show
that both the exact and approximate O-values are able to detect a fair amount of nonoverlap,
though they are obtained via a partial identification approach, though the approximate O-values are
substantially more powerful. On the other hand, despite the smaller sample size, the randomized
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| CPS | PSID | RCT
| DiT  DiR (app.) | DIiT  DiR (app.) | DiT DiR (app.)
Raw | 76.9% 94.7% 74.7% 94.8% 0% 6.9%

V2 | 70.8% 89.4% 44.7% 82.2%
V3 | 52.5% 77.2% 22.8% 75.1%

Table 3: Estimated efficiency loss yielded by the exact DiT O-values and approximate DiR O-values.
The other details are the same as in Table 2.

experiment has the highest effective sample size. Unsurprisingly, the DiT O-value detects no effi-
ciency loss in this case. By contrast, the DiR O-value detects a small efficiency loss. It could either
be finite sample errors or potential undocumented noncompliance that makes the experiment less
randomized than desired.

5 Other Measures of Overlap
5.1 Population overlap slack for ATT and ATC

The population overlap slack introduced in Section 2 is tied to ATE. In many applications, the
inferential target is the average treatment effect on the treated (ATT), especially when the treated
group and the control group differ substantially in sizes. ATT is easier to infer than ATE because
it requires a weaker overlap condition. Specifically, the strict overlap condition for ATT is stated as
e(X) <1— O almost surely. Thus, a natural population overlap slack for ATT is defined as follows:

Oirp =sup{O: e(X) <1 -0, a.s.}.
Analogous to (2), we can show a one-sided likelihood ratio condition,

SB(S)S 1-71—-0%m
dP() ™ OXTT

This can be viewed as the likelihood condition for ATE with the same byax(O*; 7) and by (O*; 1) =
0. For DiM O-values, the upper bound for T3 in Theorem 3.1 becomes vacuous because by,in (O*; 7r)_1 =
o0. However, the bound for Tj remains meaningful.

By symmetry, we can also define the population overlap slack for the average treatment effect

on the controls (ATC):

0 a.s.. (23)

Oire =sup{O :e(X) > O, a.s.}.

Theorem 5.1 below shows that the upper bounds O\, Of. and O,z can be extended to Oy
and Ol

Theorem 5.1. With the same notation as in Theorem 3.1, 3.3, and 3.5,
e (Analogue of Ofy\; for ATT and ATC)
1—m T
ot < — 0, < — .
A= 147127 M7 14+ (1 - )17
e (Analogue of Ofyr for ATT and ATC)

1—m ™

o < O < ——.
ATT—]_i ATC_']T*I‘(l*'IT)I/O

i S

e (Analogue of Ofs for ATT and ATC)

oml=p) . __ 2m
1—m)(1—ps)+7’ ATC=9mp, +1—1"

OjTT S 2(
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Remark 1. Although O* = min{O%,,, O%,.}, the DiM and DiR bound for O* are tighter than the
minimum of the bounds for Ohp, Olhro, reflecting that using the two-sided density ratio bound is
more effective than using two one-sided density ratio bounds separately.

Based on Theorem 5.1, we can construct approximate O-values as in Theorem 3.8 and exact
O-values using the same confidence bounds for Ty, 17, v, 1, and p. as discussed in Appendix C.
These O-values for ATT and ATC are also implemented in the ovalue package.

Similar to the O-values for ATE, we can normalize the O-values for ATT and ATC. For com-
pletely randomized experiments, the population overlap slacks for ATT and ATC are 1 — 7 and
m, respectively. Therefore, we can normalize the O-values for ATT and ATC by 1 — @« and 7, re-
spectively, where # = nj/n. Again, one minus the normalized O-value can be interpreted as the
efficiency loss relative to a completely randomized experiment.

For Lalonde data, ATT is more often the inferential target than ATE. Table 4 presents the
estimated efficiency loss for ATT, yielded by exact DiT O-value and approximate DiR O-value as
in Table 3. As with ATE, the O-values show strong evidence on the lack of overlap when external
control groups are used. Other types of O-values for ATT and ATC are presented in Appendix D.

| CPS | PSID | RCT
| DIiT  DiR (app.) | DiT  DiR (app.) | DiT DiR (app.)
Raw | 36.3% 17.2% 59.3% 57% 0% 4.7%

V2 | 44.6% 39.4% 43.5% 69.4%
V3 | 33.9% 55.2% 21.7% 68.1%

Table 4: Estimated efficiency loss yielded by the exact DiT O-values and approximate DiR O-values
for ATT. The other details are the same as in Table 3.

5.2 Quantile overlap slack

As alluded to earlier in Section 1, the population overlap slack is overly conservative when only
a small fraction of propensity scores are in the tails. When the potential outcomes are bounded,
dropping a handful of units with extreme propensity scores would only introduce a tolerable bias to
the ATE estimator. If the remaining samples satisfy a decent strict overlap condition, the inference
is still approximately valid. Therefore, a less conservative measure of the population overlap is the
quantile of the propensity score distribution. For ATE, we can define the quantile overlap slack as

O} = Quantile, (min{e(X),1 — e(X)}).

Then the population overlap slack is essentially O7. As argued above, O g5 might be more infor-
mative than OF.

A natural upper bound for O} can be derived based on OéE. As discussed in Section 3.4, the
expected classification error of the Bayes optimal classifier is E[min{e(X),1—e(X)}]. By definition,
the integrand is lower bounded by O when min{e(X),1—e(X)} lies below its 7 quantile. Therefore,

E[min{e(X),1 - e(X)}] > 703,

*

Analogous to Theorem 3.7, we can derive the following estimable upper bound for O3.

Theorem 5.2. With the same notation as in Theorem 3.7, for any v € (0,1],
O: < 771(1 - gmax)~

Theorem 5.2 implies that inflating a valid (approximate) CE O-value by a factor of (y~! — 1)
yields a valid (approximate) O-value for the v-th quantile overlap slack. When v = 0.95, the inflation
factor is small.
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The upper bounds for DiM, DiT, and DiR O-values can also be modified for the quantile overlap
slack, though with substantially more complex adjustments. We leave them to future work.

For a completely randomized experiment, the quantile overlap slack is min{m,1 — 7 }. Therefore,
we can apply the same normalization as the O-values for population overlap slack for ATE. Table 5
presents the estimated efficiency loss yielded by exact and approximate CE O-values for O o5. We
observe that the exact O-values are much less powerful than those in Table 3. This is not surprising
because CE O-values are not powerful for OF. Nevertheless, the approximate O-values still show a
substantial lack of overlap even after dropping 5% units, especially when the control group is from
PSID. The O-values with other estimator of propensity scores can be found in Appendix D.

| CPS | PSID | RCT
| CE CE (app.) | CE  CE (app.) | CE CE (app.)
Raw | 0% 19.5% 15.5% 56.1% 0% 0%
V2 | 0% 32% 35% 65.1%

V3 | 9.8% 46.9% 18.5% 58%

Table 5: Estimated efficiency loss yielded by the exact and approximate CE O-values for quantile
population slack. The other details are the same as in Table 3.

5.3 Measure of overlap under additional outcome restrictions

The population overlap slack and quantile overlap slack are designed for extrapolation-free inference,
that is, inference without modelling assumptions on the outcomes. When an outcome model is
assumed, the treatment effect for a group without treated units can be inferred by extrapolation
from a similar group with sufficient overlap. Therefore, the overlap condition can be weakened when
extrapolation is possible. D’Amour et al. [2017] provide a detailed discussion on the tradeoff between
outcome models and ovelap.

Here, we discuss the partially linear model, which is widely studied in the literature [e.g. Robin-
son, 1988, Chernozhukov et al., 2016]. The model assumes that the observed outcome Y follows

Y=Tr+m(X)+e

where 7 is the constant treatment effect, m(X) is a unknown function of X, and € is the stochastic
error. Under this model, the overlap is measured by

O3, £ E[Var(T | X)).

Indeed, the semiparametric efficiency bound for ATE under this model is inversely proportional to
03?2 [Bhattacharya and Zhao, 1997].
For a binary treatment, Var(T | X) = e(X)(1 — e(X)) and thus

Opp = Ele(X)(1 — e(X))].
The following Theorem presents two estimable upper bounds of OF; .
Theorem 5.3. (1) Quasi-Variance (QVar) bound: O3, < E[(T — S)?].
(2) With the same notation as in Theorem 3.7, O3, <1 — Epnax-

For Quasi-Variance upper bound, we can apply the hedged capital bound detailed in Appendix
C.1 to derive a lower confidence bound for E[(T' — S)?2], which yields an upper confidence bound
for Of;. The second upper bound is identical to OéE, implying that a CE O-value is valid upper
confidence bound for Of;. For both bounds, we can construct approximate O-values using the
plug-in estimates for E[(T — S)?] and Epax-
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Clearly, Of; = w(1 — m) for a completely randomized experiment. Therefore, we can normalize
the O-value for Of; by #(1 — ). Table 6 presents the estimated efficiency loss yielded by exact
and approximate QVar O-values. Again, these O-values show strong evidence on the lack of overlap
with observational control groups even under a partial linear models. Other types of O-values for
Oy, are presented in Appendix D.

| CPS | PSID | RCT
‘ QVar  QVar (app.) ‘ QVar  QVar (app.) ‘ QVar QVar (app.)
Raw | 56.5% 35.8% 59.6% 62.9% 0% 0%

V2 | 48.7% 45.8% 52.6% 54.5%
V3 | 39.3% 46.6% 54.3% 47.4%

Table 6: Estimated efficiency loss yielded by the exact and approximate QVar O-values for partial
linear models. The other details are the same as in Table 3.

6 Conclusion

In this paper, we introduce the population overlap slack and propose four different types of O-
values — the Difference-in-Means (DiM), Difference-in-Tails (DiT), Difference-in-Ranks (DiR), and
Classification-error (CE) O-values. These O-values are all valid upper confidence bounds for the
population overlap slack in finite samples, without any distributional assumption other than oper-
ating on i.i.d. samples. The O-values are built on estimated propensity scores but the validity does
not impose any requirement on the estimation (e.g., consistency). As a consequence, O-values can
wrap aroung any black-box machine learning algorithm to estimate propensity scores without hurt-
ing the validity. A general strategy to construct a valid O-value proceeds as (1) choosing a measure
of discrepancy between the distributions of estimated propensity scores in the treated and control
groups, (2) deriving an estimable bound as a function of the population overlap slack in theory, and
(3) inverting the function at a lower confidence bound for the discrepancy.

There are at least two ways to further improve O-values — tighter upper bounds for the pop-
ulation overlap slack, and tighter concentration inequalities for the discrepancy measures. The
former is related to partial identification, though our strategies to derive the bounds are relatively
non-standard. It would be interesting to explore whether our problem resembles other partial iden-
tification problems. The latter is related to many areas outside causal inference. For example, the
hedged capital bound used for DiM O-values was initially developed for sequential inference, and
the generalized Simes’ inequality used for DiT O-values was initially developed for multiple testing.

On the other hand, if the finite sample validity is not of primary concern, approximate O-values
might be more appropriate because they are likely less conservative. In our paper, we propose the
zero-order approximation by completely ignoring the uncertainty of the discrepancy estimates. It
is also reasonable to consider first-order approximations by replacing the concentration inequalities,
which are valid in finite samples, by large sample distributional approximations such as the central
limit theorem.
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APPENDIX

A Failure of Plug-in Estimators for Population Overlap Slack
The most straightforward estimator of the population overlap slack is the plug-in estimator
Oplugin 2 minmin{é(X;), 1 — &(X;)}.

Although this approach permits flexible methods in estimation, there is typically no statistical
guarantee like whether the assessment tends to be conservative or anti-conservative, unless strong
assumptions are imposed. For instance, if a parametric method is used, the minimal requirement is
the correct model specification; if a non-parametric method is used, the propensity score must satisfy
some smoothness assumptions, depending on the method, which are not easy to justify in practice.
Even if the regularity conditions are satisfied, the consistency is typically measured by pointwise
convergence or convergence in some metrics, typified by the mean square errors 1/ny ;. (é(z;) —
e(w;))%. Tt is unclear how accurate the approximation of the extreme values of e(x) is based on é(x)
in finite samples, as the former is clearly an irregular parameter. We use a toy simulation study
to illustrate that the plug-in method can be both severely conservative or severely anti-conservative
even for seemingly easy problems. In particular, we consider two data generating process:

Clse 1 n=1000,p = 50 and e(z) = 0.5 for all z. We fit a logistic regression to obtain é(z);

C2se 2 n = 500,p = 1000 and log(e(z)/(1 — e(z))) = 75 where 81 = ... = Big = 10/\/p, f11 =
... = B1o00 = 0. We fit an L; penalized logistic regression to obtain é(x), with penalty level
selected by 10-fold cross-validation.

In both cases, X is generated with i.i.d. standard normal entries. For each case, we calculate their

population overlap slack and @plugin. Figure 4 shows the boxplots of the real and estimated overlap
slack on 1000 independent datasets.
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Figure 4: Box-plots of real and estimated overlap slack over 1000 replicates.

Although the models are correctly specified for both cases and the estimate é(x) is supposed to
"work well” as suggested by the theory, the plug-in estimates of O* can be either extremely anti-
conservative or extremely conservative in spite of the reasonably large sample size. This illustrates
that failure to take finite-sample uncertainty into consideration may yield inadequate results for this
problem even in large samples due to the irregularity of the estimand. In a nutshell, the assessment
given by the plug-in method can be statistically invalid due to model misspecification or poor finite-
sample performance.
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B Technical Proofs

We start with a useful lemma that will be used for multiple times.

Lemma B.1. [Generalization of Theorem 2.1 in Rukhin et al. [1997]] Let X be a random variable.
Given any conver function f, non-decreasing function w, and non-negative function h that satisfies
E[h(X)] =1 and amin < h(X) < amax almost surely for some 0 < amin < Gmax < 00, let

« Amin r<c . % Omax r<c .
h(x) = { . Eﬂf > C; if flamax) > f(amin), h*(x) = { “ Ex > C; otherwise ,
where ¢ is chosen such that E[h*(X)] = 1. Then
Elw(X)f(h(X))] < E[w(X)f(h"(X))].
Proof. By Jensen’s inequality,
h(z) — Gmin Amax — h(z
(o)) = 1 (=i D )
Gmax — Gmin Gmax — Qmin
h(z — Gmin amax_hx
S ( ) f(amax) + ( )f(amin)
Gmax — Gmin max — Gmin
_ f(amax) - f(amin) h(l’) + amaxf(amin) - aminf(amax)
Gmax — Gmin Gmax — Gmin

Since h*(x) only takes two values amax and amin, it is easy to see that

f(amax) - f(amin) h* (LC) + amaxf(amin) - aminf(amax) )

Amax — Gmin Gmax — Gmin

f(h*(z)) =
If f(amax) > f(@min), it remains to prove that
Elw(X)h(X)] < E[w(X)h"(X)] = E[w(X)(h*(X) — h(X))] = 0

Since h(X) € [@min, Gmax] almost surely, h*(z) — h(z) > 0 if z > ¢ and h*(z) — h(z) <0 if z < ¢
Due to the monotonicity and non-negativity of w(x),

E[w(X)(h*(X) = h(X))] = E[w(X)(h*(X) = h(X)I(X > ¢)] + E[w(X)(h*(X) — h(X)) (X < )]
> Efw(e)(h*(X) = M(X)) (X = ¢)] + E[w(c) (" (X) — h(X))[(X < ¢)]
= w(e)E[h*(X) — h(X)] = 0,

where the last equality uses the fact that E[h*(X)] = E[h(X)] = 1.
If f(amax) < f(@min), it remains to prove that

Elw(X)h(X)] = E[w(X)h"(X)] = E[w(X)(h"(X) — h(X))] < 0.
This can be proved similarly as above. O

Proof of Theorem 3.1. If O* = 1/2, we must have P = Py and thus 3 = po. In this case it is
easy to prove the theorem. Throughout the rest of the proof, we assume O* < 1/2. By definition,

p1 = po = Ep,[S] — Ep, [S] = Ep, {S <Z§; - 1)} :

Since Epo[dpl/dpo - 1] = Epl [S] - Epo [S] = O,
i = o =B, (5~ EnlS) (G -1)].
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By Cauchy-Schwarz inequality,

2 2
i — ol < v/Er (5~ B, [sm\/Epo (G-1) - aoﬁpo (Gh-1). e

Applying Lemma B.1 with X ~ Py, w(z) =1, h(xz) = dP1(x)/dPy(x) which satisfies Ep, [h(X)] =1,
Amin = bmin (O%;T), Gmax = bmax(O*;7) and f(y) = (y — 1)? which is convex, if f(amax) > f(Gmin)s
we obtain that

Ep, (leg - 1) < (binax (073 7m) = 1)*P(X 2 ¢) + (1 = buin (0% 7))*P(X < ¢)

where ¢ satisfies that
1 =Ebmax (O ;1) (X > ¢) + bnin(O*; 1) I(X < ¢)] = bnax(O*; m)P(X > ¢) + bin (O"; m)P(X < ¢).
Using the fact that P(X > ¢) + P(X < ¢) = 1, we obtain that

1 — bmin (O*;7)
bmax(o*; 7T) - bmin(O*; ,/T) ’

P(X >¢) =

By (24),

T < \/Epo (flg _ 1) < V= b (0% 7)) e (O ) = 1.

Similarly we can prove the bound for T;. If f(amax) < f(@min), we can show the above bound using
the same arguments.
Now we prove that O* < O\ /(To, T; 7). By definitions of by, (O*;7) and byax(O*; ),

1-n O 1-71-0*
T2<(1- -1
O_< T 1—(’)*)( ™ O~ )

17 1—@*+ o* _(1—7r)2_1
oo O~ 1-0 72
_ )2
_1-7 1 _g _(1=m) 1
T O*(1 - 0*) w2

- 1—m _ 1—7 L1 2
- 1O*(1 - 0¥) ™
1/ mal-m 1
- 2 \0*(1 -0 '
This implies that

. . (1 —m) 1 N1 (1l —m)
O<1_O)S(7rT0)2+1:><2_O) zi—m.

Since O* < 1/2, we conclude that

Similarly, we can prove that

1 1 (1 — )
O"<z— >
-2 \/4 (1—mT1)2+1
The proof is then completed. O
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Proof of Theorem 3.3. The bounds of v; and vy are direct consequence of (8). As a result,

177‘(’170*:>0* 1—m
-7 O* _1—7T+7TV1

141

Similarly,
™

© 7+ (1 -7y

IA

O

Proof of Theorem 3.5. If O* = 1/2, we must have P, = Py, 7 = 1/2 and p, = 1/2. In this case
it is easy to prove the theorem. Throughout the rest of the proof, we assume O* < 1/2. Let F} and
Fy denote the cdfs of P; and Py. Since P; and Py do not have point mass, p, = P(S(H) > §(0)),
Then

pe = P(SD > 5© /dP1 (/ dPy(y ):/ z)dPy (z /Fo 32 dPy(z).

Applying Lemma B.1 with X ~ Py, w(z) = Fy(z) which is non-decreasing, h(x) = dPy(x)/dPy(z)
which satisfies Ep, [A(X)] = 1, amin = bmin (O*;7), Gmax = bmax(O*; ) and f(y) = y which is convex,
since f(@max) = Gmax = Gmin = f(@min), we have that

e = E[Fo(X)A(X)] < E[Fo(X) (bmax (O 7)I(X > €) + bunin (0" 1) I(X < ¢))]
= binax (O M)E[Fo(X)I(X = ¢)] + bin (O m)E[Fo(X) I (X < ¢)], (25)

where, as shown in the proof of (3.1), ¢ satisfies that

1 — bpin (O*;7)

P(X >c¢) = .
( - C) bmax(o*; 7T) - bmin(O*; ,/T)

Since Py does not have point mass,

bmax(O*;m) — 1

Fo(e) =P(X <¢)=1-Fy(c) = banax (O ) — bynin (OF; )

(26)

Since Fy is non-decreasing,
E[Fo(X)I(X = ¢)] < E[Fo(X)I(Fo(X) = Fo(c))].
Let ¢’ = inf{y : Fo(y) > Fo(c)}. Then
E[Fo(X)I(Fo(X) > Fo(c))] < E[Fp(X)I(X > ¢)].

Due to the right-continuity of Fy, Fy(¢') = Fp(c), implying that P(X € (¢/,¢]) = 0. Since Fj has no
point mass, P(X € [/, ¢]) = 0, implying that

E[Fy(X)I(X > ¢)] = E[Fy(X)I(X > c)].

Therefore,
E[Fy(X)I(X > o) < B[F(X)I(Fo(X) = Fo(o))]
As a result,
BRI 2 0) = EIRGIRC0) 2 Bi@) = [ R@F = 5 (- R,

This entails that

E[Fo(X)I(X < )] = E[Fy(X)] ~ BIF(X)I(X > o)] = 3 Fo(c)”.
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By (25) and (26),

IN

P bmax(0*§ 71-) (bmax<0*; 77) - 1>2 2bmax(0*; 7T) —-1- bmax(O*; 71-)bmin<(/)*; 77)
" i )

2 a 2(bmax((o*; 7T) - bmm(O*;ﬂ—)) - 2(bmax(0*; ) — bmin(O*; ﬂ-))
ColmlO_(Ln) oy 0107 (20-0%) 1-7
B 21—4(1—0* o* ) - 2(1-20%) O* m 1—m

o _ o
B (30“233 (02 - w<11w>> B 2(1_5)5*> (2‘ w(lo*vr)) |

Similarly, by replacing by,ax by b1 and by, by b-! | we can prove that the above bound is also an

min max’

upper bound of 1 — p, = P(SM < (). Therefore,

1-0* o*
— < - - I —
max{ps, 1 — p.} 51— 207 <2 {a )>

Let ¢ = max{p., 1 — p.} for notational convenience. The above inequality implies that

2r(1 —m)g(1 —20") < (1-0") 2r(1 —7) — OF)
=02 - (1+2r(1-m)(1-2¢9) O* +27(1—7m)(1—¢q) >0

— (o* 5w -m( - 2q)>2 > (; bl —m)(1— 2q)) —or(l—m)(1—q)

27)?

— (0* dm-m - 2q>) > U220 (1 - )1 - 20))

1—2m)?

N % + (1 —m)(1—2¢) — \/(4 + (r(1 = m)(1 - 2¢))?

IN

or O > = 4+ 7(1—m)(1—2q) + \/<1jf7r)2 + (m(1—7)(1 - 2q))%.

DN =

Note that 1 —2g = —|1 — 2p,|. It remains to prove that the second bound never holds. In fact, since
T <1/2,

Lirem-2 0 2 - w1 - 20 > Sr-m -2 (1 -m) (120 >

N =

1
5
The bound never holds since O* < 1/2 as assumed at the beginning of the proof. O

Proof of Lemma 3.1. Since 62 is permutation-invariant, we can assume without loss of generality
that Ty =---=T,, =land T}, 41 = --- = T, = 0. In this case, T;(1—-1T}) # 0 only if ¢ < j. For any
(i1,42,13,14), the summand (¢(z;,, zi,) — ¢(2i,, 2i,))? remains invariant if i; and 45 are interchanged
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or i3 and i4 are interchanged. As a result,
n(n —1)(n —2)(n — 3)62
= Z (d’(zh ) Ziz) - ¢(2137 Zi4))2 = Z 4(¢(221 ) Ziz) - d)(zigv Zi4))2

i1 F1aF£ 370, _’L‘l <.7;2,i§3<i‘4
i1 FM2 #3704

= Z (,‘Tll(l ) (Sh > 522) 15(1 - T’Z4)I(S’Ls > Si4)>2
11 <i2,13<iq

i1 Fio2F£ 1370
= Z (El (1 - EQ)I(SYJ > SZQ) + ﬂs(l - ﬂ4)I(Sis > Si4))

11 <i2,13<iq

i1#£12Ai3 70
-2 Z ﬂl(l_Tiz)T’ls(l_T’M)I(S’tl > Sizvsis >Si4)

11 <i2,i3<ia

i1 F i Fi3F 0

=2 Z Til(l_n2)I(Si1 >Si2)
11 <t2,i3<i4

i1 42 Ai37 1
-2 Z Til (1 _Tiz)Tia(l _T%AL)I(S’il > Sizvsia > Si4)

11 <i2,i3<ia

i1 F i Fi3F 0
£, - %,
Fix any i1 < ig, there are (n —2)(n —3)/2 pairs of (i3, i4) with i5 < i4 that are distinct from (i1, i2).
As a result,
Y= ( Z El (Sll > Sw) - ( 2)(" - 3)0
11 <i2

On the other hand,

Sp=2 3 > I(Si, > 8, S, > Si,)
G113 iaFia

i1,i3<n1 12,14>n1

=2 > > IS, >80u,8,>8,) -2, > IS, >Si,, 8, >S,)

i1,i3<n1 12,14 >N i1 <n1 12,i4>n1
=2 > YIS, > 86,80, > Si) 42 Y > I(Si, > Si,)
i1,i3<nq i2>n1 i1<ny i2>n1

2 99l _ox(® _ox(®) 4 on().
By definition, E( ) = U and

Z Z Z Z Sl1>Slz’Sls>Sz4)

i11<n i2>n1 i3<ng t4a>ny

= Z I(Sil > 512) Z I(SZS > Si4) = UZ.

11<n1,i2>n1 i3<ni,ia>ny

To derive 252) and Eég), we recall the definition of R; given by (17). Then

2P =3 {( SIS, > Si2)> ( oI, > Si4)>}

i1<ny ig>n1 G4>n1
2
D2
11<n; ia>n] 1i<nj
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and

2P =3 ST, > S | | Y 1S, > S,)

i2>ng i1<ny i3<ny
2
_ _ D2
- E § I(S’il >S12) - § :Rz
19>N1 i1<ny i>nq

Putting the pieces together, we conclude that

To=20+20%-2) R}
=1

Therefore,

n(n—1)(n—2)(n—3)62 =%, — 8y = (n—1)(n —4)U — 2U% + Qiﬁif.

i=1
O
Proof of Proposition 3.4. Let A, denote a subset of R? such that I(T; = I(S; > n)) = I(Z; €

A,) where Z; = (T}, 5;). For instance, A(n) can be chosen as ({1} x (1,1]) U({0} x [0,7]). Note that
I(t =1I(s>mn)) €[0,1] for any (¢, s). By equation (3.15) of Vapnik [1995], Then,

0, n fo) 4
e (g0 —ém) < \/1 g A(2n) +log (3)

nefo,1 n

where A(m) is the shattering number, defined as

A(m) = max Card{(l(zl e AM)y...,I(zm € A(n)) : n €0, 1}}, (27)

Z14eesZm

and Card denotes the cardinality of a set. It is easy to see that
A(m) < max[o . Card{(](sl >n),...,I(sm >n):n €0, 1]} =m+ 1.
S1,-.-,8m €10,

The proof is then completed by setting m = 2n.

Proof of Proposition 3.5. By definition, P(O!

®>
I/\
S
IN

ga. On the event O < O,

where the first inequality is obtained from the definition of 0. Taking expectation over both sides,

B B
PO<O)<E [I(@ < 0*)% > 10" <07 %ZI(@(Z’) < o*)] < qa.
= b=1

The proof is then completed. O

Proof of Theorem 3.8. Let N denote the total sample size, N; denote the size of the treatment
group and Ny denote the size of the control group. Further let S} = e*(X;). Since 7 € (0,1), we

have 7 % 7. Furthermore, the condition (22) implies that
P (max |S; — 57| > pN) < pn, for some sequence py — 0. (28)

For notational convenience, we let V denote event that max; |S; — S| < pn.
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e (Approximate DiM O-value) Let uf = E[e*(X) | T = t] and 0?* = Var[e*(X) | T = t]. Further
let Ty = |u3 — ph|/ max{o}, (}. By Theorem 3.1,

Op (T3, I1'5 ) > O*.

. ~ P . . . . . el P
Since # — 7 and O\, is continuous in all arguments, it remains to prove 7; — T} for both

t=0,1. By (28),
1 P
1 — — S;| =0
M1 Nl TiZZI [

By the law of large numbers,

1 .
w25

On the other hand, Since S;, S} € [0, 1],

1 1
NZS?I(TZ: ; E[S; I(T; = 1)] = pi.
=1

| =

|52 — S22 = |; — SF|S; + SF| < 2|S; — 7.

Then (28) implies that

1 1
52 Sx21 B0
Nlilj;l ' ]\/’171’1;1Z

Similar to the mean, by the law of large numbers, we have

1
N —1

Z S:2 BE[e*(X) | T = 1)

=1

As a result,
N

<N1 ZS) S

Similarly, we have fig = pu and &8 2 082
Therefore, |11 — fio] 2 |uf — p| and 1/ max{6y,¢} = 1/ max{o},¢} for any ¢ > 0. When
¢ > 0or&f,65 >0, 1/max{o},(} < oo and by Slusky’s lemma, T; % T}. When ¢ = 0 and
67 =0 (or 65 = 0), 1/ max{o%,¢} = co. If |uf — pi| > 0, Ty B 0o =T (or Ty B 0o = T).
The proof is then completed.

(Approximate DiR O-value) Let Z = (T}, SF) and U* = m > iz; 9(Z7,Z7). Then By
Theorem 3.5, we have R
0" < O (B[U”];m).

It remains to prove that [7—U*| % 0. Since |[U—U*| < 2, it is left to prove that | —U*|I, 5 0.
On the event V, ¢(Z;, Z;) = (b(Z;“,ZJ’f) if |57 — 87| > 2pn. As a result,

U - U*|IV_N A=Y ;M* ZNI(|S; — S5| < 2pn) 1y
1F]

ZI 1Sy — S5 <2pn) 2 U.

1
SNV
z#]

By Hoeffding inequality for U-statistics (Hoeffding [1963], equation 5.7),

P (|U ~E[U]] > t) < 2€Xp{—2 B]J tz}.
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As a result,
|U —E[U]] & o.

By definition, E[U] = P(|S} — S| < pn). By the dominated convergence theorem,
P(|S; = 871 < pn) = B(IS] — 71 =0) =P (S} = 57).

Since the distribution of e*(X;) has no point mass, P(S; = S7) = 0. The proof is then
completed by putting the pieces together.

(Approximate CE O-value) Let £*(n) = P(T = I(e*(X) > 7n)). By Theorem 3.7, O* <
1 —sup, o1 €*(n). It remains to prove that

sup £(n) 5 sup £*(n).
nel0,1] n€[0,1]

Let
Em = ST =1 > ), &)= 3 1T =1(57 > ).
T;=t

On the event V),

E1(n) < & (max{0,n — pn}) = & (max{0,n — pn}) + s €5 () — ELE (n)]
n 1

< & (max{0,n—pn}) +  sup  [E(m) — & ()| + sup €] () — E[E (n)]
|771_772‘Spn 776[071]

£ & (max{0,n — pn}) + Ap + Apa.

N

Similarly, on the event V,

As a consequence,

sup |E1(n) — 7EF (I < Ap + A = sup [E1(n) — 7EF ()] < Ag1 + Dg2 + Iy
7]6[0,1] 176[0,1]

By (28), Iy 2 0. Since &(n) has a bounded derivative, A;; — 0. Finally, the inequality that
Proposition 3.4 adapts to implies that for any a > 0,

P (AQ > \/log(?N + 1])V+ 10g(4/a)) <a

Therefore, Ay - 0. Putting the pieces together, we conclude that

sup [E1(n) — & ()| & 0.
n€l0,1]

Similarly, we can prove that
sup [Eo(n) — &5 ()] 5 0.
n€(0,1]

Since E(n) = €1(n) + E(n) and £*(n) = & (n) + 5 (),

sup [E(n) — &€ ()| < sup [€1(n) — & ()| + sup [Eo(n) — &5 (n)] & 0.
n€l0,1] n€(0,1] n€l0,1]
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Proof of Theorem 5.1. We only present the proof for ATT. The results for ATC can be proved
by symmetry. By definition,

P, 1- 71Oy o
bmin *7 =0< — < A bmax *; .
arr (O ) 0 dP, (S) . Qe arr (075 )

e The proof of Theorem 3.1 implies that

1—-71-0%
Tos \/ ~ bmin, arr( ;ﬂ-))(bmax,ATT(O*; m)—1)= TATT _1.
T Olrr
Squaring both sides implies that
_ O I
(1 4T?) < 2T F
1—71'( +15) < Oy ATT_1+7TT2

e It is obvious that vy < byax(O*; 1), which implies the bound for O%,;.
e Recalling (25) and (26) in the proof of Theorem 3.5,

pe < bmax,ATT(O*;W) . (bmax,ATT(O*UT) - 1)2
= 2 Q(bmax7A'l"l‘(O*; ) — bmin,ATT(O*; 77))
_ bmax,ATT(O*;W) . (bmax,ATT(O*§7T) - 1)2
2 2bmax,ATT(O*; 71')
1 1 _q1_ TO%rr .
2bmax,arr (O*; ) 2(1 = m)(1 = Oxrr)

This implies the desired result.

Proof of Theorem 5.3. (1) By definition,
OF, = E[Var(T | X)) = E[(T — e(X))?] < E[(T — &(X))*].
e(X).
(2) Recall that 1 — Epax = E[min{e(X),1 — e(X)}]. The result is proved by the simple fact that
< min{e(X),1 —e(X)}.

The proof is completed by noting that S =

e(X)(1 = e(X))
O

C Refined Concentration Inequalities For Tighter O-values
C.1 Tighter DiM O-values

Since S; is an estimated propensity score, we expect that puy > po. This motivates us to consider
one-sided confidence intervals for p; and po. In particular, (77,7, ) is a valid lower confidence
envelope of (11, Tp) if

(g — i, 0} {7 — i, 0}
max{/; — fig, max{f; — fig

T_ =
~+ ) 0 ~t
) 99

7 =
where ,&aL, 6;@ &ar are (1 — a/4) upper confidence bounds of pg, 01, and o, respectively, and i is
a (1 — «/4) lower confidence bound of p.

For the mean parameters, it is known that the Hoeffding’s and empirical Bernstein’s inequalities
are loose in constants [e.g. Waudby-Smith and Ramdas, 2020, Kuchibhotla and Zheng, 2020, Bates
et al., 2021a]. For the refined DiM O-value, we apply the following tighter bound.

32



Proposition C.1 (Hedged Captial bound, Waudby-Smith and Ramdas [2020], Theorem 3). Let
Ziy..., Zn €10,1] be i.i.d. random variables with E[Z1] = p. For each i =1,...,n,

1/2+Z§:1Zj 52— 1/4‘1‘2] (Zj — iy)? V»:min{l 210g(1/a)}.

P =

1+i 7 1+ noy_,

Further let .
= H{l + Vi(ZZ‘ — m)}
i=1
Then

1
+
—_ < .
P (mtgaicht (1) > a) <a

By Proposition C.1, we can construct 4 and i as

L 4 . . _ 4
fiy = sup {m : I}lgaz(IC;fl(m) < a} , g =inf {m : I?SaglCtyo(m) < a} ,

where K; 1 and Ky o are constructed from the estimated propensity scores in the treated and control
groups, respectively.

For the standard deviations, we prove three lower-tail inequalities for the empirical variance
estimate.

Proposition C.2. Let Zh ceyZn € [O 1] be i.i.d. random wvariables with Var[Z1] = o2 and & be
the standard error, i.e., 6% = (1/(n — 1)) >0 (Z; — Z)?, where Z = (1/n) > i, Z;. Further let
m = |n/2]. Then

1. (Improved Hoeffding inequality for U-statistics, modified from Section 5 of Hoeffding [1963])
IP(62 <z) <exp {—mh (:,C A 02;02)} ,
where h(a;b) = alog{a/b} + (1 —a)log{(1 —a)/(1 —b)}.
2. (Bentkus inequality for U-statistics, modified from Bentkus et al. [2004])
P (6% < z) < eP (Bin (m;0?) < [ma]).
3. (Maurer-Pontil inequality, Equation (5) of Maurer and Pontil [2009])
(n—1)((c? —2)Vv0)? }

202

P(&z gm) <exp{
Proposition C.2 implies that

where

F@x#)mm{@m{mh@Ao%aﬂ}&P@ﬁn@uﬂ)g[mxwﬁmp{ mlxwmvoy}}.

202

Let F~1(y;0?) be the solution of F(z;0%) = y given o2, and f(0?) = F~1(a;0?). Clearly, f is an
increasing function. Then

P[6° < f(o*)] <a=P[f'(6*) <0’ <a.

As a consequence, 61 = \/f~1(42) is a valid upper confidence bound of o. To simplify the compu-
tation, note that

67 = /[71(8?) <= 6 = f(61%) = F 1 (a;672) <= F(6%672) = a.
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Thus, 61 can be reformulated as
67 =sup{o: F(6%0%) > al. (29)
Therefore, we can construct ;" and &7 based on (29) with « replaced by a/4.

Proof of Proposition C.2. 1. Note that 62 can be written as a U-statistic
1
2 2
= Zy — Zj)".
g TL(TL o 1) Z( ])

i#]

Let 7 : [n] — [n] be a uniform random permutation. Further let Zk:,w = 1—(Z,T(2k_1)—Z,T(2k))2.
Then Zk,w € [0, 1] with E[Zk] =1-—02 and Z1,m .. .,Zm,,r are i.i.d.. Let

1 = 5
Wy =— Zkoom-
T m Z k,m (30)
k=1
It is easy to see that
1—-6% = E  [Wal,
where E, denotes the expectation over the randomness of 7. By Lemma 1 of Hoeffding [1963],
E [6)‘2’“’"} <o?+(1-02)e.
This implies that for any ,
E [eAmW,r] S (02 + (1 _ 02)6)\)m

Az

Since z — e* is convex, by Jensen’s inequality,

m

E |:€)\m(1—&2)j| —F |:e)\mIE7r[Ww]:| <E,E [e)\mW,r] < (02 + (1 _ 0_2)6)\)
By Markov’s inequality, for any A > 0,
P(62<a) =P(1-6221-a) < (079 (o4 (1 - M)

Let A = log((1 — z)o?/2(1 — 0?)). For any < 0%, A > 0. The tail inequality can be proved
via some algebra.

2. By equation (3.1) of Bentkus et al. [2004], for any T,

E(62 —t E(E, [W,] — ¢t
P(62>1—2) < inf E@" -t EEWr] =)+
t<l-z 1l—zx—t t<l-z l—x—t

Since z +— (z — t)4 is convex, by Jensen’s inequality,
E(E, [Wy] — t)s < E E(Wy —t)4.
By Lemma 4.3 of Bentkus et al. [2004],
E(Wr —t)4 <E(Bin(m,1-0%) /m—1) .

By Lemma 4.2 of Bentkus et al. [2004], if m(1 — z) is an integer,

f E(Bin(m, 1 — 02)/m —t)

+ . 2 . 2
< — > — = < .
W - n EP(Bln(m, 1 o ) m(l IE)) E]P(BIH(WLO' ) mx)

The proof is completed by putting pieces together.
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C.2 Tighter DiT O-values

By Theorem 3.3, DiT O-values rely on confidence envelopes of the distributions P, and Fy. Although
the DKWM inequality has a tight constant for the ¢, perturbation bound sup |P;(A) — P;(A)|, the
resulting confidence bound is uninformative when

Pi(A) < \log(4/a)/2n, or Pi(A) > 1 —+/log(4/a)/2n,.

Since (’);&T in Theorem 3.3 is likely attained at events with extreme probabilities, the DKWM
inequality ma be conservative.

To improve the bounds for rare events, Bates et al. [2021b] develop an upper confidence band of
the CDF based on the generalized Simes’ inequality [Sarkar et al., 2008].

Proposition C.3 (Bates et al. [2021b], Theorem 4 and Proposition 3). Let by(d) = 0,bpm41(5) =1,

and "
(= k4 1) .
bovri(6) = 1 — g/ (ol —1,...,m.
+1-i(9) m---(m—Fk+1) > ! prr e M

Further let hgipmes(+;6) : [0,1] — [0,1] be a piece-wise constant function such that
Rosimes (3 6) = br(m+1)61(0), t € [0,1].
With the same notation as in Proposition 3.2,
P[F(z) < Agimes(Fm(2);0), Yz € R] > 1 —4.

Bates et al. [2021b] recommend k = m/2 for which

b (118) =157 =1 exp - 2 (1)} = 20500,
m m 0 m

When § = 0.01,m = 1000, the Simes’ upper confidence bound is 0.0092 while the DKWM bound
is 0.049, which is more than five times larger. On the other hand, Proposition C.3 is loose when
F,.(2) is large. For example, the bound is 1 when Fy,(z) > k/(m + 1) ~ 0.5. To take the best of
the worlds, we consider a hybrid upper confidence band by applying the Bonferroni correction on
Simes’ and DKWM inequalities, i.e.,

P ([0,2];6) = min {hsmes (Ft(:c); g) Ey(z) + k’g@/é)} : (31)

2m

The generalized Simes’ inequality only provides an upper confidence bound. To obtain a tighter
lower confidence bound for rare events, we invoke Dempster’s line crossing probability identity.

Proposition C.4 (Dempster [1959], equation (10)). With the same setting as in Proposition C.3,

A 1-0b
P {Fm(z) <b+ 17F(z), Vz € R] =1 — Apempster(@, b;m),

—a

for any a,b € (0,1), where

R ma-v) l—aj\'! l—aj\™"’
A empster ?b; = ; : > o 1_ B m '
e (0:B11) JZ::O J(m = j)! <a+1bm> ( ¢ 1bm>

For any b,6 € (0,1), let a(b;d) be the solution of

ADempster(a7 b, m) = 0.
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The Proposition C.4 implies that

P {F(z) > hlaii(bb;é)max{Qﬁm(z) —b}, Vz € R} =1-4.

Here, we set b = 5/m so that the bound is informative whenever F,(z) > 5/m. For example, when
d =0.01,m = 1000, a(5/m;d) = 0.37. Then the resulting lower confidence band is

1 —a(5/m;0)

T .max{O,Fm(Z) - i} =0.632- maX{O,Fm(z) - 0.005} :

The DKWM bound becomes non-zero only when Fy(z) > /log(2/8)/2m = 0.051, at which the
above bound is 0.029.

As with the Simes’ upper confidence band, the Dempster’s lower confidence band is loose when
Ft(z) is large. For example, when ¢ = 0.01,m = 1000, F’t(z) = 0.25, the DKWM bound is 0.198 and
the Dempster’s bound is 0.155. Therefore, we apply the Bonferroni correction to obtain the best of
the worlds, i.e.,

P ([0, z];6) = min {1_“(5/’”5) . max {o,Fm(z) — i} By () — log(w)} . (32)

1-5/m 2m

Finally, to obtain confidence envelopes for P;([z, 1]), we replace S; by 1 —S; and apply (31) and
(32). To guarantee the simultaneity, we set 6 = /8 because eight confidence bands are constructed.

C.3 Tighter DiR O-values

Bates et al. [2021a] develop a substantially tighter concentration inequality for U-statistics that
blend three different bounds [Hoeffding, 1963, Bentkus et al., 2004, Maurer, 2006].

Proposition C.5 (Hoeffding—Bentkus—Maurer inequality for bounded U-statistics of order two).
Let Zy,...,Zy be i.i.d. and ¢(z,2") be a symmetric bounded kernel taking values in [0,1]. Let

S= 3 020 %), p=Els]
nin —1) po

Let m = |n/2| and h(a;b) be defined as in Proposition C.2. Then, for any t € (0, p),

P(S < 1) < min (exp {=mh(t: )} ,eP (Bin(m: 1) < [mt])
meo{5 (et )} ) 5

Note that the first two terms are the same as the Proposition C.2. Let H(¢; ) denote the RHS of
(33). Similar to the upper confidence bound 6% in Appendix C.1, (33) implies an upper confidence
bound for S as

where G(v) = (e —v —1)/v.

7 (8) = sup {p: H(S; ) > a}. (34)

For a reasonably good propensity score estimator, p, is expected to be above 1/2. In this case,
we can safely replace bounded max{p*,1 — p*} from below by a lower confidence bound of p*, or
equivalently one minus an upper confidence bound of 1 — p*. Let U= 2(1 — U) Then U is a
U-statistics of order 2 with a kernel bounded by 1 and

E[U] =2n(n — 1)7(1 —7)(1 — p.).
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Applying (34) on U /n(n—1) with o, we can obtain an upper confidence bound it for 27 (1—7)(1—p,)
in the sense that
Pr(l—-m)(1—p.) <pt)>1-a

This implies
P(r(l—m)2p — 1) >7(l—m)— ") >1-a.

As a result, with probability at least 1 — «,
m(1—m)[1—2p,| > max {w(1—7) — iT,0}.

Recall that

1 1—2m)2
Ofig = B —m(l—m)[1—2p.| — \/(4) + 721 —m)2(1 - 2p.)*.

For any a € R, the mapping y — —y — v/a2 + y? has derivative —1 — y/+/a2 + y2 < 0. Thus, OF »
is decreasing in 7(1 — 7)|1 — 2p.|. Therefore, replacing m(1 — 7)|1 — 2p.| by max {w(1 — ) — z*,0}
yields a valid DiR O-value.

C.4 Tighter CE O-values

Proposition 3.4 holds for any empirical process with bounded envelopes and VC dimension 1. Nev-
ertheless, we can sharpen the bound by utilizing the special structure of the classification error.
Throughout this section, we assume that S is a continuous; otherwise we perturb S by a tiny
random noise (e.g., Unif([0,1079])). Then the classification error can be decomposed as

EM=PIT#I(S>n)]=PT=1)PS <n|T=1)+P(T=0)PS>n|T=0)
= mPi([0,7]) + (1 — ) Fo([n, 1])- (35)

Then we can derive upper confidence bands P;"(+;8) and Py (-;6) for Pi(-) and Py(-), respectively,
using the same techniques for DiT O-values in Section C.2. The uniformity implies that

«
P =

P (&) < nP (0.5

)-i—(l—ﬂ')PJ ([n,l];%>7 Vn e [0’1]) >1—a.

This induces a valid upper confidence bound for O*:

1- n?ﬁfu {Wﬁf ([0, nl; %) +(1—m)Py ([n, 1; %)} :

D Additional Numerical Results for Lalonde data

In this section, we compute all types of O-values discussed in the main text on Lalonde data. This
includes (1) exact DiM, DiT, DiR, and CE O-values and approximate DiM, DiR, and CE O-values
for population overlap slacks for ATE, ATT, and ATC, (2) exact and approximate CE O-values for
quantile overlap slack OF with v = 0.95, and (3) exact and approximate CE and QVar O-values
for O3,. For all O-values, we consider three estimators of propensity scores: Gradient Boosting,
Random Forest, and Logistic Regression. We compute the efficiency loss on 50 independent splits
and present the boxplots in Figure 5 - 9.
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Figure 5: Boxplots of normalized O-values across 50 data splits for population overlap slacks for
ATE. The normalized O-value is defined as max{0,1 — O/ min{#,1 — 7}}. “ext.” and “app.” are
short for “exact” and “approximate”, respectively. Each panel corresponds to a control group.
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Figure 6: Boxplots of normalized O-values across 50 data splits for population overlap slacks for
ATE. The normalized O-value is defined as max{0,O/(1 — &)}. Other details are same as Figure 5.
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ATC. The normalized O-value is defined as max{0,O/7}. Other details are same as Figure 5.
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Figure 8: Boxplots of normalized O-values across 50 data splits for quantile overlap slacks O g5.
The normalized O-value is defined as max{0, O/ min{#, 1 —7}}. Other details are same as Figure 5.
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Figure 9: Boxplots of normalized O-values across 50 data splits for quantile overlap slacks O g5.
The normalized O-value is defined as max{0, O/#(1 — #)}. Other details are same as Figure 5.
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