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Abstract

We study the worst-case false discovery rate of the Benjamini—-Hochberg procedure applied to
two-sided Gaussian p-values when the correlation matrix is otherwise unrestricted. Dobriban [2026]
shows that BH does not always control the FDR at its nominal level. An analogous folklore conjecture
is that BH controls the FDR up to a universal multiplicative constant. We prove that this conjecture is
false. In particular, we construct Gaussian models for which the inflation factor FDR(BH,)/q diverges
as ¢ | 0. More precisely, for every ¢ € (0,1), the supremum over the number of hypotheses, mean
vector, and correlation matrix is at least an explicit lower bound ¢(gq) > ¢, and, as ¢ | 0,

tg) = qv/log(1/q)
2w
Finally, for a broad class of common-factor Gaussian models with arbitrary means and loadings, we
prove the upper bound FDR(BH,) = O(¢+/log(1/g)). This upper bound has the same order as £(q)
when ¢ | 0, so the rate g4/log(1/q) is sharp for this class.

+ ceq + 0(q), co = 0.6492828 .. ..

1 Introduction

We observe a Gaussian vector T' = (T4, ...,T,,) with mean 6 and covariance matrix X, where ¥;; = 1 for
all 7. The null hypotheses are H; : §; = 0, and their two-sided Gaussian p-values are P; = p(|T;|), where

p(x) =20(z) = 2(1 — ®(x)).

Here @ is the cumulative distribution function (CDF) of the standard normal distribution N(0,1), and
¢ = @' is its density. We use the convention p~1(0) = co. The Benjamini-Hochberg procedure [Benjamini
and Hochberg, 1995] at level g orders the p-values as

Py < < Py
and rejects the hypotheses corresponding to
P(l),...,P(R), R:max{lgkgm:P(k) qu/m},

with R = 0 if the set is empty. If V' is the number of rejected true nulls, then the false discovery proportion
(FDP) and false discovery rate (FDR) are

14
FDP = ——, FDR = E(FDP).
AL (FDP)



A long-standing conjecture in the FDR literature is that BH controls the FDR at its nominal level g,
regardless of the correlation matrix [Reiner-Benaim, 2007, Benjamini, 2010, Roux, 2018, Sarkar, 2023,
Sarkar and Zhang, 2025]. Benjamini [2010, p. 407] summarized the evidence as follows:

“The modification to general dependence is often not needed: convincing simutheoretical
evidence indicates that the same holds for two-sided z-tests with any correlation structure.”

Benjamini then noted that a complete theoretical proof was still missing. These works stated or supported
this conjecture. However, recently, Dobriban [2026] found a counterexample where FDR > 0.0104 when
q = 0.01.

In this paper, we ask a more refined question: how large can the FDR be as a function of ¢?7 Formally,
we seek a lower bound ¢(q) such that

sup FDR(BH,) > ¢(q). (1)
meZy, OER™, Zeng
Si=1, 1<i<m

Here Zy = {1,2,...} and ST denotes the cone of m x m symmetric positive semidefinite matrices. A
relaxed folklore conjecture is that the worst-case FDR in (1) is bounded above by Cq for some universal
constant C' > 0. However, Proposition 2.2 shows that the lower bound constructed here satisfies, as ¢ | 0,

_qy/log(1/q)
Uq) = 7

In particular, the FDR inflation factor FDR /q can diverge as ¢ | 0.

Moreover, we derive an exact formula for ¢(q). We prove that ¢(q) > ¢ for every g € (0,1). Instead of
seeking a counterexample for a given nominal level ¢, our result disproves the conjecture that BH controls
the FDR for correlated two-sided Gaussian tests. We plot the absolute deviation ¢(q) — g and relative
inflation ¢(q)/q in Figure 1.

Unlike the familiar failures of FDR control for correlated one-sided Gaussian tests under negative
dependence [Hochberg and Rom, 1995, Samuel-Cahn, 1996, Chi et al., 2025], our construction uses
covariance matrices whose entries are all positive. For one-sided Gaussian p-values, nonnegative correlations
imply PRDS, and BH therefore controls the FDR [Benjamini and Yekutieli, 2001]. The two-sided map
T; — 2®(|T;|), however, is not monotone and need not preserve PRDS. Indeed, because the construction
here yields FDR > g, its two-sided p-values cannot be PRDS on the true nulls. In particular, Benjamini
and Yekutieli [2001] establish PRDS for positively correlated Gaussian test statistics in the one-sided case,
whereas their corresponding PRDS guarantee for two-sided p-values is limited to independence.

The lower-bound rate ¢/log(1/q) should be compared with the FDR-linking theorem of Su [2018].
Positive regression dependence within nulls (PRDN) relaxes positive regression dependence on a subset
(PRDS) by imposing the relevant positive dependence condition only on the null p-values. Under PRDN,
the FDR-linking argument gives an O(qlog(1/q)) bound. Section 3 proves a sharper bound for the
common-factor Gaussian class considered here:

FDR(BH,) = O(q\/M),

uniformly over the number of hypotheses, means, and loadings. Thus, in this common-factor Gaussian
class, the upper-bound rate improves on the general PRDN linking bound and matches the asymptotic
order of £(q) as ¢ | 0. Moreover, as explained in Remark 3.2, the two-sided null p-values in this class satisfy
the PRDN property by the absolute-value Gaussian MTP5 criterion of Karlin and Rinott [1981]. Hence
the upper bound sharpens the general PRDN-based linking rate within this common-factor subclass.

+ coq + o(q), cp = 0.6492828 . . ..



2 Lower bound

2.1 Main result
M (y) = sup e/ cosh(ay). (2)
a>0

Appendix A identifies the likelihood-ratio envelope: M = 1 on [0,1], and M is continuous, strictly
increasing, and unbounded on (1, 00). Hence there is a unique y, > 1 such that

qM(yq) = 1. (3)

Set

U(q) = q®(1) +¢ 1yq M (y)o(y) dy + D(yq). (4)

The next theorem shows that the lower bound can be approached arbitrarily closely by finite-dimensional
Gaussian models with positive definite correlation matrices.

Theorem 2.1. For T ~ N(6,%), let FDRg x,(BH,) denote the FDR of BH, applied to T. For every
q € (0,1) and 6 > 0, there are N < oo, 0 € RN, and a positive definite correlation matriz ¥ such that

FDRy »:(BHy) > £(q) — 0. (5)
Consequently,
sup FDRyg »(BHg) > 4(q). (6)
NeN, 9eRN,

20, diag(X)=1x
The next proposition gives the small-¢ expansion of the lower bound.

Proposition 2.2. Asq | 0,

fa) = B it of)
where
¢ = (1) - Nlﬁ + {M<y>¢><y> - 2\}%} dy
= (0.6492828. ...

Proposition 2.3 further shows that ¢(q) > ¢ for every ¢ € (0,1). Consequently, BH fails to control the
FDR at every nontrivial nominal level in the correlated two-sided Gaussian setting.

Proposition 2.3. For every q € (0,1),
t(q) > q.

Figure 1 plots ¢(q) — q and ¢(q)/q for ¢ = 0.005k, k = 1,...,200. Table 1 reports the lower bound ¢(q)
and relative inflation ¢(q)/q at commonly used nominal levels.

q 0.01 0.05 0.10 0.20

((g) 0.0136 0.0629 0.1209 0.2314
0(q)/q 1.3553 1.2571 1.2094 1.1570

Table 1: The lower bound ¢(q) and relative inflation ¢(g)/q at commonly used nominal levels.
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Figure 1: Numerical evaluation of ¢(q) — ¢ and ¢(q)/q over the grid ¢ = 0.005k, k =1, ..., 200.

2.2 Roadmap
Fix g € (0,1) and a design law v,. Let Qn = ((©1,B1),...,(On, By)), where the pairs are i.i.d. draws

from vy, independently of Z, e, ... ,sNi'rig'N(O, 1), and set

TZ‘:@Z‘—FBZ‘Z-F\/l—BZZEi, i=1,...,N.

Conditional on a realization of {2, this is a finite deterministic Gaussian design. Since BH is a step-up
procedure, its rejection set is {i : |T;| > Cn}. We will show in Subsection 2.4 that, conditional on Z = z,
Cn — C(z) and FDPy — D(z). Consequently,

Eq, [FDRq, (BHy)] = Eq, 7 [FDPN| — E[D(Z)].
Thus, for any § > 0 and all sufficiently large IV, at least one deterministic realization wy of Qx satisfies
FDR., (BH,) > E[D(Z)] — 6.

We next construct a family of laws v, ,. Write D, for the conditional FDP limit associated with v,..
For every z ¢ {—1, —y,}, we prove that D,(z) — D,(z) as r | 0, where

Qa z 2 _17
D.(z) = S qM(—2), —yqs<2z<—1,
17 z S _Z/q

Because 0 < D,., D, < 1, dominated convergence then gives
E[D,(Z)] — E[D.(Z)] = {(q).

The argument therefore takes the iterated limit lim, o limy_,oo: first N — oo for each fixed r, and then
r J 0. To obtain a single finite example, we choose r sufficiently small and then N sufficiently large. A
small independent Gaussian perturbation finally makes its covariance matrix positive definite.



2.3 Population quantities

Put u, = p~!(q). Let v be a probability measure on R x [—1,1]. Write
mo = v4({0} x [-1,1]),

and assume g > 0.
For (0,b) € R x [-1,1], z € R, and s € (0,1], let us = p~*(s) and define

Fop.(s) =P{p(|Ti]) <s|©; =0, B;=b, Z =z}.

If |b] < 1, then
—(us— 0 —bz —(us+ 0+ bz
Fe’b’Z(s):(b( Vi ) (p( Vi_p? )
If |b| = 1, then

Fop.(s) = 1{p(|0 + bz]) < s}.

Set F97b,z(0) = 0.
Conditional on Z = z, the CDFs of the mixture p-value and the null p-value are

R.(s) = / Fopo(5) vg( 6, db),

Ry..(s) = —/ Fop,=(s) ve(do, db).
7 {0yx[-11]

0

For ¢ > ug, define the normalized quantities

= o) aRp(e))
Bl="00
R

Then the limiting cutoff can be written as

C(z) = inf{c > uy : R.(c) > 1}.
Here and below, inf @ = co. The limiting conditional FDP is defined by

D(z) = {Ro,z{az)}, C(2) < oo,

We call a finite cutoff a regular first crossing when it satisfies the following conditions.

Definition 2.4. A finite cutoff C(2) > u, is regular if

sup  R.(c)<1 for every 0 < p < C(z) — ug,
ug<c<C(z)—p
sup R.(c) > 1 for every p > 0,
C(z)<e<C(z)+p

and ¢ — Ry .(c) is continuous at C(z).

(10)

(11)



2.4 Limiting cutoff and FDR

Let
Oy = ((01,B1),...,(On,By)), (04, By, (18)
Since the distribution of (T7,...,Tx) is fully determined by Qny, we write FDRy x;(BH,) as FDRgq,, (BH,).
Define P; = p(|T;]).

N 1 XN
Ry (s) = N ; 1{P; < s}, (19)
N 1 XN
RQ,N(S) = N Z 1{@@ = 0, PZ' S S}. (20)
i=1

The following lemma gives a uniform conditional empirical-CDF bound.
Lemma 2.5. For every z € R and t > 0,
P(max { | Ry — Rz loo, [ Ro.x — 7o Bozloo b >t \ Z=z) <4e7NE, (21)
Proof. Conditional on Z = z, the P; are i.i.d. with CDF R,. Also define
W; = Pi1{©,; = 0} + 21{0O; # 0}.

For 0 <s <1,
l{Wi S S} = 1{@1 = O, B § 8}, P(Wi S S ‘ 7 = Z) = 7T0R07z(8).

Apply the Dvoretzky—Kiefer—Wolfowitz inequality twice and take a union bound. O

The next lemma gives an exact characterization of the BH cutoff and FDP through the empirical
CDFs.

Lemma 2.6. Let Ry be the number of BH rejections and put

~ R
Ty = qTN. (22)
If Ry > 1, then R
. Ro (7
RyGiv) = N pppy =2 o.N(TN). (23)
N ™N
With @N = p_l(?N),
Cy = inf cZuq:M21 . (24)
p(c)

Then the BH rejection set is {i : |Tj| > Cn}. If Ry = 0, the set in (24) is empty and Cy = oo.
Proof. Let Pjy <+ < Py). If more than Ry values were at most qRN /N, then

Pry+1) < qBN/N < q(Ry +1)/N,

contradicting the maximality of Ry. Hence NRy(7n) = Ry, and (23) follows. Since p is decreasing, the
BH step-up definition is equivalent to (24). O

The next theorem establishes the limiting cutoff conditional on the common factor Z.



Theorem 2.7. Assume that C(z) is regular for almost every z. Then, for every z at which C(z) is regular,
conditional on Z = z,

Cn — C(2), FDPy —s D(2) (25)
in probability. Consequently,
Jim Eoy [FDRoy (BH,)] = E[D(Z)], (26)
where
FDRq, (BH;) = Ez . [FDPx | Qn]. (27)

Proof. Fix a regular z and p,7 > 0. Since D(z) = Ry .{C(2)} and ¢ — Ry _.(c) is continuous at C(z),
choose
0 < p(z) < min{p, C(2) - ug}

so that

sup |]:207Z(c) —D(2)| <. (28)
C(2)—p(2)<c<C(2)+p(z)

Set A(z) = C(z) — p(2). The left condition in Definition 2.4 gives sup,, <.<a(.) :(c) < 1, and its right
condition permits a choice of B(z) € (C(2),C(z) + p(z)) with R, {B(z)} > 1. Set

1 —
v(z) = -min<1— sup R,(¢), R.{B(z)}—1;>0.
2 ug<c<A(z)
Put ~ ~
En(2) = max {|[ By = Relocs || Roy = ToRo.:loc } -

Lemma 2.5 gives En(z) — 0 in probability conditional on Z = z. For every u, < ¢ < B(z),

gRy{p(c)} ol < 4En(2)
p(c) Bl )‘ :

~ p{B(2)}
qRon{p(c)} R (e qEN(2)
p(c) Fol )‘ =

{B(=)}

(29)

By the empirical curve we mean R
qRn{p(c)}
ple)
On the event ¢EN(z)/p{B(2)} < v(2), the definition of v(z) and (29) give

CH—

B}~ n o aEN()
qusci%(z) p(C) : qucglil(z) RZ( ) " p{B(Z)}
<1—-29(2)+v(2) <1,
e A (p(B()) e)
aBNAPB())} o 5 oy 9EN(2) ) (s
W BR) = RAB(2)} DB +29(2) =7(2) > 1.
Lemma 2.6 and (28) therefore give
A(z)<Cy < B - 9EN(z)
z N < B(2), |FDPy —D(z)| <7+ Bl

Because p, 7 > 0 were arbitrary, this proves (25) at every regular z.



For completeness, the quantities in the expectation can be taken to be measurable without making a
measurable selection of B(z). The maps (z,¢) — R.(c) and (z,¢) — Ry .(c) are jointly Borel measurable,
and the first is left-continuous in ¢. Define

C°(z) =inf{c € Q:c>uy, R.(c)>1}.

At every regular z, left continuity and (17) imply C°(2) = C(z). Thus C has a measurable version.
Moreover, for ¢ < C(z), Ro.(c) < R.(c) < 1; continuity of the null curve at the crossing gives 0 < D(z) < 1.

Hence -
min (1, Ry .{C°(z)}], C°(z) < o0,

Dz) = {0, C°(z) = o0,

is a measurable [0, 1]-valued version of D(z) at almost every z. Use these versions below. Conditional
convergence in probability, together with boundedness, now yields

E[|FDPy —D(z2)| | Z = z] — 0 for almost every z.
Dominated convergence and the tower property give
Eqy.ze[|FDPy —D(Z)|] — 0,
and a second application of the tower property yields (26). O

Lastly, we show that ¥ can be made positive definite by an independent Gaussian perturbation. For a
fixed realization w = ((6;,;))¥1, let £ ~ N(0,Iy) be independent and define

Ti(”)=0i+ﬂ<biz+ 1b§gi>+n§i, 0<n<l. (30)

Then
Sy = (1= %) [bb" + diag(1 — b3,...,1 = b3)] +n*In. (31)

Lemma 2.8. For every fized w,

diag(zw,n) - 1Na Ew,n t 772[N7 (32)
and
FDR™(BH,) — FDR,(BH,) (1 {0). (33)

Proof. Equation (32) is immediate from (31). Under the coupling (30), TV — T almost surely. Define
Pi(n) = p(|Ti(n)|)- Then Pl-(n) — P; = p(|T;]) almost surely. Each P; has a continuous marginal law, so

P{Pie{?\]::lgk:gj\f} forsomei}:().

Off this event, the truth values of all finitely many comparisons Pi(n) < gk /N agree with those of P; < gk/N
for all sufficiently small 5. Hence the BH rejection count and rejected-null set are eventually constant.
Bounded convergence proves (33). O



2.5 Construction of v,

We construct a family of laws v, indexed by r | 0. For a,y > 0, put

Lu(y) = e /2 cosh(ay). (34)
For y > 1, let
a(y) = argmax Lo (y), y(a)=a (a), a>0. (35)
a>0
Set
ag = a(yq)- (36)

Appendix A establishes the properties of these functions that we use below.
The quantities b, 7., tir, To,r, and ¢, are defined below. The law v, , has the following three components:

type ‘ mass ‘ (C] ‘ B
nulls o, r 0 r
primary non-nulls r e +y(by) 1

secondary non-nulls | 7.p,.(da) | a/r+y(a) |1, a € [by,aql.
Equivalently, for every bounded measurable f: R x [—-1,1] — R,

aq a
[ £ Qv =m0, 100) ey 47 [ F(% 4 (@), 1) i da) (1)
Definition of secondary non-nulls. For small r, set
by =rp L(r?). (38)

For the remaining definitions, take  small enough that 0 < b, < aq. For a € [by, ay], define

1—qgM
Wo(a) = [1—q {y;a)}]p(a/r)' (39)
By Lemma A.1 and (133), the factor 1 — gM{y(a)} is nonnegative and decreasing on [b,, a4]; the factor

p(a/r) is decreasing in a. Hence W, is continuous and decreasing, with W;.(as) = 0. Set
1— gM{y(b,)}]r?
q

We therefore call this the secondary-non-null block; its total mass is O(r2?) = o(r). Let u, be the probability
measure on [b,, ay] determined by

7 = W (by) = [ = O(r?). (40)

W,
pr(fa) = 29 b, <a<a, (41)
Ty
In particular, ., ([by, aq]) = W;(b,)/7. = 1. Equivalently,
r - r b
pr((a,b]) = w, by <a<b<a,. (42)
Tr
Definition of nulls. Put
Tor=1—7—"Tp.
Since o + 7 + 7 = 1, the masses in (37) define a probability measure.

Definition of primary non-nulls. For all sufficiently small r, 7, > 0. Define ¢, by

_ar+m)
p(CT‘) B 1- qmo,r ‘

The numerator is positive. Since 7, = O(r?) and Ty =1—1—"1,
l1—gqmop=1—q+qr+qrn —1—¢>0, q(r+m)—0.

Thus the right side of (43) is positive and smaller than one for small r, so ¢, is well-defined.



2.6 Population FDR analysis under v, ,
2.6.1 Preliminaries

Apply Subsection 2.3 with v, = v,,. Denote the resulting quantities by
Rr,m RO,'I‘,27 RT,Z7 RO,'I‘,Z) Cr(»?f)

For ¢ > uyg,

Rr,z(c) = q7T07TR0’r;({Cp)(C)}

qr
@lﬂcr +y(by) + 2| > c} (44)

Lo

_|_

> C} pr(da),

and

RO,T,z(C) = QWO’TW. (45)

Whenever C,.(z) is regular, set

Dy(2) = Ro.{Cr(2)}. (46)

Set D,(z) = 0 otherwise. At every regular crossing, 0 < D, (z) < 1.
We state two lemmas that will be applied in the following analysis. The first lemma gives the order of
b, and ¢, as r | 0.

Lemma 2.9. Asr |0,

by _
bp b0, = =p (%) o0, plbe/r) =17 y(b) L1 (47)
Moreover,
qr by
p(ey) ~ T & — 00, re, —0, — —c¢ — 0. (48)
— r

Proof. The identity p(b,/r) = r? follows directly from b, = r p~!(r?). Applying (142) in Lemma A.2 gives

=708 Hlog11) . 2nfos(1) 0.

The last limit in (47) follows from Lemma A.1: a(y) is continuous and strictly increasing from (1, c0) onto
(0,00), with lim,; a(y) = 0. Since y(-) is its inverse and b, | 0, we have y(b,) | 1.

By (43) and (40),
q(r +7) o

p(c’f‘) = 1 _ q7T0,7. 1 _ q'
Thus
log —— —log + + O(1)
o) = log — .
gp(cr) g ,

Applying (142) in Lemma A.2 gives

¢ = p~ {pler)} ~ \/2log(L/r).

Hence ¢, — oo and r¢, — 0. Combining this with

"=y 0?) ~ frlog(1/r)

10



gives
by
P (2 - \@) log(1/r) — oo.

O

The next lemma gives a uniform approximation to the normalized conditional FDP contribution from
nulls.

Lemma 2.10. For every A >0 and T >0, asr | 0,

ey | Rt}

_ch z — 0. 49
zl<T0<e<A/r | P(C) (1) (49)

Proof. For 0 < r < 1, the null pair (©, B) = (0,r) gives

Ry, .A{p(c)} =P{|rz+ V1 —1r2¢| > c}.

Write
cCFrz
Tgp = ————.
* V1—r2
Then

Ro-Ap(c)} = ®(zy) + B(x-).
Fix C' > 0. Uniformly for |z] <T and C <c < A/r,

1 rz
Ty —Cc=¢C ———1;F —
* {\/1—7“2 } V1—r2
cr? Tz

TV R4V VI

Therefore,
Ar Tr

+ =0 r).
VI—r2{1+V1-1r2}  V1-—12 ar(r)
Consequently, for all sufficiently small r, the shifts x4 — ¢ are uniformly bounded and x4+ > C/2. The
uniform expansion (141) in Lemma A.2 therefore gives remainders p, ¢ +(c, z) such that

_ 2 _ 2
Q(zy) ¢ {_l"i . } {1+ prosle2)},

|24 — | <

— = —exp
d(c) T4 (50)
el — ¢ (re)? 2
- =— +rcz+ Oar(re).
2 2 ’
and
lim limsup sup sup max|p,c+(c,2)| =0. (51)

C=00 110 |2|<T C<c<A/r

For each fixed C > 0, ¢/x+ — 1 uniformly for |z| < T and C < ¢ < A/r as r | 0. To identify the leading
term, put t = re¢, so that 0 <t < A. Then

1 2 t? 122
= lexp _5_}_73,3 + exp —a—tz =e cosh(tz) = Li(]z]).

Because t and z range over compact sets, these exponential factors are uniformly bounded. Thus, after
summing the two tails in (50) and using p(c) = 2®(c), the errors from ¢/xy — 1 and from the O4 1 (r?)

11



term vanish uniformly for each fixed C. Consequently, there is a constant K4 7 < oo, independent of C,
such that, for

n(C) =limsup sup  sup Ro,r-{p(c)}

— Lre(l2])|
rl0  |2|<T C<c<A/r p(c) "

we have
n(C) < Kaprlimsup sup sup max|p,c+(c, 2)|.
rl0  |2|<T C<e<A)r *
The right side tends to zero as C' — oo by (51). Hence n(C) — 0.
It remains to control 0 < ¢ < C. On this range, p(c) > p(C) > 0. Also, uniformly over 0 < ¢ < C and
2| < T,

Ro-Ap()} = @(l‘ﬁ) +¢(¢%) — p(¢) + Ocr (1),

because the two arguments differ from ¢ by O¢ r(r) and ® has bounded derivative. Hence

RorAp(c)}

(0 —1’—>0.

sup sup '
|z|<T 0<e<C

Moreover, Ly(|z]) = e "*/2 cosh(r¢|z|) — 1 uniformly for |z| < T and 0 < ¢ < C. Thus

R
limsup sup sup Rorzip(©)} Lye(]2])| < n(C).
0 |2|<T 0<c<LA/r p(c)
Letting C' — oo proves the claim. O

2.6.2 The regime z > —1

The next lemma locates the crossing created by the primary non-null.

Lemma 2.11. For every compact K C (—1,00) and every H > 0, uniformly for z € K and |h| < H,

- h
R, . (cr + c) — g+ (1—q)eh. (52)

T

Moreover, for every hg > 0,

lim sup sup sup Ri.(c)<q+(1—qe™<1. (53)
r{0  z2€K ug<c<cr—ho/cr

Consequently,
Cr(2) =cr +o(c;), D(2) —q, (54)

uniformly on K. Moreover, for sufficiently small v, Cy(z) is reqular for every z € K.

Proof. Proof of (52). Fix H > 0, take z € K, and take |h| < H. The primary non-null has B =1 and
© = ¢, +y(by), so conditional on Z = z its value is ¢, + y(b,) + z. Since K C (—1,00) is compact,

:= inf (1 .
NK Zng( +2)>0

By Lemma 2.9, ¢, — oo and y(b,) | 1. For the fixed H, this implies H/c, — 0. Combining these limits,
for sufficiently small r,
sk H ik

- < . (55)

br)—1 ; <
o) -1 < S <

12



For z € K and |h| < H, the definition of nx gives z > —1 + nx, while (55) gives y(b,) > 1 — nx /4 and
—h/cy > —H/c, > —ni /4. Therefore

h
y(br>+z—2(1‘W>+<—1+w>—7”(=7"€ z€K, |h <H.
Cr 4 4 2

Equivalently, y(b,) + 2z > h/c¢, + 1k /2. Hence the conditional value of the primary non-null satisfies

‘Cr +y(br) +Z| = Cr +y(b7“) +z

LB +{ (b) + h}
= C —_ z — —
AP L ¢ (56)
h h
>et 4 s 4 L
Cr 2 cr
so the primary non-null is rejected at cutoff ¢, + h/c¢,, uniformly for z € K and |h| < H.

Next consider a secondary non-null indexed by a € [by,a4]. Its conditional value at Z = z is
a/r +y(a) + z. Since a > b,, we have a/r > b, /r. Also, Lemma A.1 shows that y(-), the inverse of the
strictly increasing map af(-), is increasing; hence y(a) > y(b,). Together with z > inf,cxu and h < H,
this gives

h by H
%er(a) +2z— (cr+ T) > (T _Cr> +y(br) + inf u— o (57)
Here bf — ¢, — 00 by (48), while
)+ inf u— L 514 inf (58)
Vo + fafu o L g

because y(b,) | 1 and H/¢, — 0. Equations (48) and (58) show that the right side of (57) tends to +oo.
Hence it is positive for sufficiently small r, uniformly in z € K, |h| < H, and a € [b,,aq]. Thus every
secondary non-null is rejected at cutoff ¢, + h/c,.

Lastly, we analyze the nulls. Since |h| < H and rc, — 0 by (48),

h h
r<c7«—|—>:rcr+r—>0. (59)
Cr Cr
Let Tk = sup,cg |2| < 0o. Since ¢, — 0o by (48) in Lemma 2.9, while (59) gives a vanishing rescaled

cutoff, we have
h 1
uq S Cr + - S -
[
for all sufficiently small r, uniformly for z € K and |h| < H. Applying (49) in Lemma 2.10 with A =1
and T' = Tk gives
RorAp(er +h/cr)}

p(Cr + h/Cr)

= LT(CT+h/Cr)(|Z|) +o(1).
Moreover,

r2(c, + h/c,)?
Luersnjen(12]) = exp {—<2/)} cosh(r(ce + hfe)|2]) = 1+ o(1),

uniformly for z € K and |h| < H. Since mg, =1 —r — 7 — 1, it follows that

RD,r,z{p(CT + h/cr)}

q7mo,r p(Cr n h/CT) =q+ 0(1)
By (43),
' Gl ;) B S S [ ) BN S
p(cr + h/cr) B a0 P(Cr + h/cr) 1

13



by (146) in Lemma A.2. This proves (52).
Proof of (53). Fix hg > 0. Equation (56), evaluated at h = hy, gives

h
ler +y(br) + 2| > ¢ + C—“

T

so the primary non-null is rejected at cutoff ¢, + ho/c.. Equations (57), (48), and (58) give

a h

—4yla)+z>c + 2D ae [br, aql,

r cr
for sufficiently small 7, uniformly in z € K. Thus every secondary non-null is also rejected at cutoff
¢r+ho/cp. Since rejection at cutoff ¢ means |T;| > ¢, all non-nulls are rejected for every uy < ¢ < ¢, +ho/c,.
Therefore, on this interval,

For uy < ¢ < ¢ — ho/cp, Lemma 2.10 and re, — 0 from (48) give

R
o s g, R0 P(©)

<q+o(1).
2€K ug<c<cr—ho/cr p(C)

Also p(c) > p(er — ho/cr), so (43) and (146) in Lemma A.2 give

sup q(r +7v) < q(r + 1) p(cr)

< = (1 —qmy,)———t— — (1 —q)e ",
eI TR S ple —hojey - T ) s ey (19

Taking the supremum over z € K and then the limsup in r proves (53).

Proof of (54) and regularity of C,. By (53), for sufficiently small r,

sup sup R, .(c) < 1.
2€K ug<c<cr—ho/cr
Thus no first crossing can occur at or before ¢, — hg/c,, uniformly for z € K. At the upper point, (52)
with h = hg gives
_ h
R, . (cr + c0> =g+ (1—q)e" +0(1) > 1.
T
Thus, for sufficiently small r, the first crossing satisfies

h h
=2 <C(z)< e+ 2, zeK. (60)

Cr cr

Since hg > 0 is arbitrary, this yields C,.(2) = ¢, + o(c; 1), uniformly on K.

We next verify regularity as stated in Definition 2.4, with r fixed. Fix H > 0 and write

Grole) = Tz B

On |¢ — ¢r| < H/c¢y, all non-nulls are rejected, uniformly over z € K, and hence

> Q(T"‘Tr)‘

Rr,z(c) = qﬂ'O,rGr,z(C) + p(c) (61)

Put 24 = (¢ Frz)/v/1 — r2. Throughout this paragraph, the window is the local range |c — ¢,| < H/¢,,
with z € K. Direct differentiation gives

Gy .(c) = @GM(C) _ o(wy) + o(z-)

(¢) 7 2V/1—1r2®(c)

14



Uniformly on this window, Lemmas 2.10 and 2.9 give G, .(c) = 1+ o(1). We also have ¢ ~ ¢, — oco. Since
re, = 0and |c— ¢ | < H/cp,

2 — % = Ok(re,) + O(r*c?) = o(1), V1—1r2=1+0(1),

uniformly over the same window. Hence

p(zs) _ exp{wi;CQ} 1t o),

and therefore
¢ P@y) +¢@) _1+ol)+140) _ ),
WI-r2g() 240} |

Finally, (137) in Lemma A.2 gives ¢(c)/®(c) = ¢{1 + o(1)}, uniformly for |c — ¢,| < H/c,, and therefore

e
d(c)

~ Cp.

Consequently,

sup  sup |Gy (e)| = ofcr).
ze€K |c—cp|<H/cr

On the same window, write ¢ = ¢, + h/c,, where |h| < H. By (43),

Q(r + Tr) . o p(cr)
o T

and (146) in Lemma A.2 gives
pler) _  pler) h

p©)  plerthje) O

uniformly for |h| < H. Since e” > e~# on this range and 1 — g, — 1 — ¢ > 0, for all sufficiently small r,
nf q(r + 1) > 1—q'e*H
le—cr|<H/er p(c) 2 2

Thus we may take my = (1 — q)e” /4 > 0. Since

EQ(T + Tr) _ Q(r + Tr) Cb(c)
de  p(e) ple)  ®(c)’

Together with ¢(c)/®(c) ~ ¢, uniformly on the same window, this gives

inf dalrtm) > @CT
le—cr|<H/c, dc p(c) 2

for all sufficiently small 7. By contrast, qmoG’. ,(c) = o(c,) uniformly over z € K and |c — ¢,| < H/c;.
Differentiating (61) therefore shows that

inf inf R 0 62
zng|cfc:|n§H/cT T’Z(C)> ( )

for all sufficiently small r.
Take, for example, H = 1. The cutoff bracket (60), applied with hg = 1/2, places C,(z) in the interior
of this window, uniformly on K. The population rejection curve

cr— Rm(c),
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defined in (44), is continuous through ¢ = C,(z) and is strictly increasing there by (62). Hence
R,.{C,(2)} = 1, and R, .(c) > 1 for points ¢ > C,(z) arbitrarily close to C,(z). This proves (17)
for every p > 0 at each fixed sufficiently small . Moreover, all non-nulls are rejected on [ug, Cy(2)], so
(44) has the same continuous form as (61) on this interval. By the definition of C,(2), R,.(c) < 1 at
every ¢ < Cp(z); compactness of [uq, Cr(z) — p] proves (16) for every 0 < p < Cr(z) — uq. Finally, the null

contribution
RO,r,z{p(C>}
p(c)
displayed in (45), is smooth at ¢ = C,.(z). Thus C,(z) is regular, uniformly for z € K, for all sufficiently

small r.
Finally,

Cr— RO,T,Z(C) = q7Tor

rCy(z) =re, + o0 (T) —0

¢

by (48), uniformly on K. Consequently, for all sufficiently small r, u, < C,(2) < 1/r uniformly on K, so
(49) in Lemma 2.10, with A = 1, applies at ¢ = C-(2). Its leading factor satisfies

r2C(2)?
Loy (12]) = exp {—2”} cosh{rCy ()21} —> 1
uniformly on K. Hence
Ro,rAp(Cr(2)) }
D, = r = = 1),
(2) = amo, =2 HEEE — g o)
uniformly on K. O
2.6.3 The regime z € (—y,, —1)
Let y = —2. For 1 <y <y,, put
k(y) = aly)y'{a(y)} > 0. (63)

The positivity follows from Lemma A.1, since a(y) > 0 and y'{a(y)} > 0 for 1 <y < y,.
We first prove a lemma that is useful for the key result in this regime.

Lemma 2.12. For every compact I C (1,y,) and every H > 0, there is an interval Uy whose closure is
contained in (0,aq) and contains {a(y) : y € I}. Define

gr(a) = a+ry(a). (64)

For all sufficiently small r, the function g, is strictly increasing on [by,aq], and in particular on Uy.
For all sufficiently small r, the equation

gr{an(y, )} = gr{a(y)} +rh (65)
has a unique solution &, (y,h) € Uy, uniformly for y € I and |h| < H, and
ar(y,h) = a(y) + O(r). (66)

Conditional on Z = —y, a secondary non-null with a = a is rejected at cutoff a(y)/r + h if and only if
ac [dr(yv h)7 aq]-
Finally,
plar(y,h)/r}
log —————~— = k(y)h + o(1), 67
pay)fr+m) WU o

uniformly fory € I and |h| < H.
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Proof. Fix a compact I C (1,y,) and H > 0 as in the statement. Let

Ar=Aaly) :y € I}.

Because I C (1,y,) is compact, Ay is a compact subset of (0, a,). Choose an interval Uy whose closure is
contained in (0, ay) and such that Ay C U;. By Lemma A.1, y(-) is continuously differentiable and y' > 0
on (0,a,). Hence

g(a)=1+ry(a) >0, 0<a<ay

S0 gy is strictly increasing on [b,, 4], and in particular on Uj.
Put d; = dist(A7,U5) > 0. If rH < dy/2, then a(y) £ rH € Uy for all y € I. Since g, > 1 on Uy, the
intermediate value theorem gives a unique solution to (65) in Uy, and

|G (y, h) — aly)| < rH.

The mean-value theorem gives, for some §, between &, (y, h) and a(y),

rh

REC) o

dr(l/v h) - a(y)

Since ¢’ is bounded on U; and |h| < H, this gives &.(y,h) = a(y) + O(r), uniformly on I. Since y/ is
uniformly continuous on Uy and |a,-(y, h) —a(y)| < rH, we have y/(&.) = v'{a(y)} + o(1) uniformly. Hence
ey, h
Gv:h) _ W)y ta)ia o), (69)

T T

uniformly for y € I and |h| < H.
For a secondary non-null with index a € (b, a4),

Conditional on Z = —y,

Uniformly for y € I and a € [by, a4),

b
T: > — +y(b,) — supu — oo
r uel
by (47) in Lemma 2.9. Also a(y)/r + h > 0 uniformly for y € I and |h| < H. Therefore rejection at cutoff
a(y)/r + h is equivalent to

or, equivalently,
gr(@) = gr{a(y)} +rh.

Since g, is strictly increasing, a secondary non-null is rejected exactly when its index lies in [&,(y, h), aq).
Equations (68) and (69) give, for some 7, (y, h) satisfying

h
wp @B

yel, |h|<H r

that

@r(7?{7 h) _ a(ry) +h—ry{a(y)}h +n.(y, h).
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Because a(y) is bounded away from zero on I, a(y)/r — oo uniformly. Applying (145) in Lemma A.2 to
the two bounded shifts from a(y)/r gives

pla(y,h)/ry _ aly), oo
lo e rth) - r {=ry{a(y)th + n:-(y, h)}

_ (h=ry{a)}h + e (y,h)* — B2
2

+o(1).

The first line equals k(y)h 4 o(1) uniformly, and the quadratic difference is o(1) uniformly. This proves

(67). O
The following lemma identifies the analogue of Lemma 2.11.

Lemma 2.13. For every compact I C (1,yq) and every H > 0, uniformly fory € I and |h| < H,

r

Ry (M2 1) — aM(y) + (1 - gM ()} (70)

Moreover, for every hg > 0, there is v > 0 such that, for all sufficiently small r,

sup sup Ry _yle) <1—1. (71)
yel ug<c<a(y)/r—ho

Consequently, uniformly for y € I,

Crl=y) =W 0. Dy(—y) — qM(y). (72)

r

Moreover, for sufficiently small r, Cr(—y) is reqular for every y € I.

Proof. Proof of (70). Fix H > 0, take y € I, and take |h| < H. By Lemma 2.12, a secondary non-null
with a = a is rejected at cutoff a(y)/r + h if and only if

a € [ar(y,h),aq].
By (41), their mass under the secondary component is
Tebr (G (y, 1), ag]) = Widar(y, h)}-
The definition (39) therefore gives

gWr{ar(y,h)} p{ar(y, h)/r}
pla(y)/r +h) pla(y)/r+h)

By (66), y(ér(y,h)) — y uniformly for y € I and |h| < H. Equation (67) gives

p{dr(y’ h)/?“} k(y)h

= [1 — ¢M{y(a (y, h))}]

pla)/r+h C
uniformly for y € I and |h| < H. Hence
gWeldr(y, h)} _ A plaw(y, h)/r} B R
p(a(y)/r 4 h) - [1 qM{y( r(ya h))}}p(a(y)/r 4 h) — {1 qM(y)} (73)

The primary non-null is not rejected at cutoff a(y)/r + h. For the index i corresponding to it,
(0i, Bi) = (¢, +y(br),1). Conditional on Z = —y,

T; = ¢, +y(br) - Y.
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Let ar = inf,era(u) > 0. For |h| < H,

a(y)

supr|T;| < re, +rsuply(by) —y| — 0, infr { + h} >ar—rH —ar >0,
yel yel y€el r
using (47) and (48) in Lemma 2.9. Hence |T;| < a(y)/r + h for sufficiently small r, uniformly over y € T
and |h| < H, so the primary non-null is not rejected at this cutoff.
Since a(y) is bounded away from zero on I and a(y) < a4, for all sufficiently small r,

U SMJrhS
T

ag +1
q r

uniformly for y € I and |h| < H. Thus (49) in Lemma 2.10, applied with A = a,+ 1 and T = sup,,¢; u,
gives B

Ror—y(ay)/r 4+ h) — qLqgy)(y) = ¢M(y). (74)
Combining (73) and (74) proves (70).
Proof of (71). Since I C (1,y,) is compact, yr := inf I > 1. By (47) in Lemma 2.9, y(b,) | 1. Hence,
with
yr — 1

2

we have y(b,) <1+ 9§ < ys for sufficiently small r, and therefore

0=

>0,

y—y(br) >yr —yb,) >0, yel

Put
Sr(y) =c + y(br) - Y.
Then
d<y— y(br) < SU—I})U - y(br) < o0, Sr(y) <¢ — 6.
ue
Conditional on Z = —y, the primary non-null has value T; = s,(y), which is positive for sufficiently small

r. Hence this primary non-null is rejected at cutoff s exactly when s < s,(y). For uy < s < s.(y), (44)
and the bound by one on the secondary integral give

_ — Bor—ylp(s)} | ar | a7
By (5) < amo, =205 p(s) " p(s)’

Since [ is compact, Tt := sup,c;y < o0. Also s < sr(y) < ¢ — 6, so (48) gives
0<rs<re. —0

uniformly for y € I and uq < s < s,(y). Thus, for any fixed A > 0, this cutoff range lies in 0 < s < A/r
for all sufficiently small . Applying (49) in Lemma 2.10 with 7' = T} gives

Royp(s)} _ )

uniformly for y € I and u, < s < s,(y). Since rs — 0 uniformly and y < T7,

(rs)”
2

L,s(y) = exp {— } cosh(rsy) =1+ o(1)

uniformly for y € I and uq < s < s,(y). Since m, — 1, it follows that
Ry, — S
q7.(_07r 07”‘7 y{p( )} S q+0(1>
p(s)
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Also p is decreasing, so p(s) > p(s,(y)). Therefore, for any such cutoff,

) q(r +7v)
B y(5) < qto(1) + 0

uniformly for y € I. By (43),

q(r+7) _ —am p(cr)
@) - I e ) o)

Since ¢, — oo by (48) and .
6 <y—yb) <supu—1=: ANl < o0, (75)
uel
we have s,(y) = ¢ + y(b,) —y — oo, uniformly for y € I. Equation (75) shows that the shift y — y(b,)
lies in the fixed compact interval [5, AS] € (0, 00), so (147) in Lemma A.2 gives

pler) plsr(y) +y —y(br)}
= — 0
pler +y(br) —y} p(sr(y))
uniformly for y € I. Hence B
sup sup R, _y(s) <g+o(l) <1 (76)

yel ug<s<sr(y)

Fix hg > 0. The complementary range s,(y) < s < a(y)/r — hg is nonempty uniformly on I, because

inf
inf {a(y) —ho — sr(y)} > infyeraly) _ ¢ — Or(1) — oo,
yel r T

where r¢, — 0 by (48) in Lemma 2.9. It remains to prove that there is v > 0 such that, for all sufficiently

small r,
sup sup R, _y(s) <1—v (77)
yel sr(y)<s<a(y)/r—ho
For s > s,.(y), the identity T; = s,(y) > 0 gives |T;| = T; < s. For sufficiently small r, every secondary

non-null value is positive uniformly over y € I and a € [b,,a4]. On the range s,(y) < s < a(y)/r — ho,
define

e =it {2 € Bria s y(@) —y = s}, (78)

The set is nonempty for sufficiently small r, since @ = a, satisfies the inequality uniformly over y € I.
The map a +— a/r + y(a) — y is strictly increasing by Lemma A.1, so a secondary non-null with a = a is
rejected if and only if @ € [, 4,5, aq]. Therefore, by (44),

5 RO,T,—y{p(S)} + qTr

Rr,— S) = qTo,r o Br, ,$10q])- 79
y( ) p(S) p(S) ([ Y q]) ( )
Suppose (77) fails for this hg. Then there are
T d 0, yn €1, 50, (yn) < 5n < alyn)/rn — ho, linrgiolgf anﬁyn(sn) > L (80)
After taking a subsequence,
Yn — Y € I, a(yn) - a(y), Tp =TpSp — T € [07 a(y)] (81)
Define
hy = S, — a(yn)'
Tn
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Then h, < —hg by (80). If h, = O(1), then after passing to a further subsequence h, — h < —hy.
Equation (70) gives

Ry —y(sn) —> aM(y) + {1 — gM(y)}e"@" < gM(y) + {1 — gM (y)}e*Who < 1,

contradicting liminf,, o Ry, —y,(sn) > 1. Hence, after passing to a further subsequence if necessary, it
remains to consider
hy, — —00. (82)

We next identify the rejected secondary non-nulls at cutoff s,. A secondary non-null with index
a € [by,,aq] has (0, B) = (a/r, +y(a),1). Conditional on Z = —y,,, its value is

a ~
Td,n = —+ y(a) — Yn-
T'n
For all large n, this value is positive uniformly in a € [b,,, a4], because b, /r, — oo and y(a) — y, is
bounded below. Hence |T; | = T4, and the rejection rule |15 | > s, is equivalent to

a ~
— Fy(@) —yn = sn.
Tn
The rejected set is nonempty because the endpoint a = a, is rejected. Indeed, compactness of I C (1,y,)
and continuity of a(-) give
Ar :=aqg —supa(u) > 0.

u€el
Since s, < a(yn)/rn — ho by (80),
a ag —a
Yy — Yo — sy > " (4) +Yg—Yn +ho >0
Tn Tn

for large n, because aq — a(yn) > Ay and y, < sup I < y,. Define
Gn(a) := gr,(@) = Tn(Sn + Yn), @ € [by,,aq],

where g, is defined in (64). Multiplying the rejection inequality by r,, a secondary non-null with index a
is rejected if and only if
Gn(a) > 0.

By the monotonicity part of Lemma 2.12, G,, is continuous and strictly increasing on [b,,,, a4] for all large
n. Therefore a secondary non-null with a = @ is rejected if and only if a € [3,, a,4], where

Br :=inf{a € [by,, aq] : Gn(a) > 0}. (83)
Put
dp, = yn — y(Bn)- (84)
If B, > by, then G, (B,) = 0. Thus, in this case,
Bn
— — 8y = dp.
o s (85)

If B, = by, then G,(8,) > 0, so (85) is replaced by

Bu _ Sp > dy. (86)

Tn
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Moreover, s, — 0o, because sy, > Sy, (yn) = ¢, +Y(byr,) — Yn, ¢, = 00, y(by,) — 1, and I is compact.
Also d,, > 0 eventually. If 5, = b, , this follows from the definition of d,, and (75), which give

dp =yn —y(by,) > >0.
If 8, > by, then

9rn(Bn) = 1n(sn + yn) = gr,{a(yn)} + rnhn < gr,{a(yn)} — rnho.

The strict monotonicity of g,,, therefore gives £, < a(yy), and hence d,, = y,, — y(5,) > 0. The null term
in (79) already has a limit along this subsequence:

Roﬂ‘nﬁyn {p(sn)}
p(sn)

qmo,r,, — qLa(y) < gM(y) < 1. (87)
Indeed, (49) in Lemma 2.10 applies because r,s, — x, y, — y, and m,,, — 1. The inequality follows
from M (y) = sup,>¢ La(y), the strict monotonicity of M on (1,00), y € I C (1,y,), and ¢M(y,) = 1.
Equations (79) and (87), together with the threshold characterization in (83), imply

By un () = aLa(y) +0(1) + -2 par, (1B ). (88)

Moreover, (41), (39), (133) in Lemma A.1, and the bound from (85)—(86) give

qTr, Wy, (Bn) M p(Bn/rn) _ p(sn +dn)
It remains only to prove that
' Spdy — 00. (90)

Equations (89), (90), and (148) in Lemma A.2 imply

qTr,
P(sn)

piro ([Bn; ag]) = o(1).

Substituting this into (88) gives

Ry —ya(sn) — qLa(y) <1,
which yields a contradiction to (80).
To prove (90), we now consider three cases under (80), (81), and (82).

Case (a): 0 < z < a(y). Suppose x > 0. Since b,, — 0 by (47) in Lemma 2.9 and r,s, — =z, the
endpoint case /3, = b, cannot occur for large n: multiplying (86) by 7, would give

br,, — rnsn 2= r{yn — y(br, )},
whose left side tends to —x < 0, while the right side is nonnegative for large n. Hence (85) holds eventually.
Multiplying it by r,, gives
Bn — Tndn = Tndp. (91)

The factor d,, is bounded. Indeed, I is compact, so |y,| < sup,e;|ul. Also By, € [by,,aq], and y(-) is
increasing by Lemma A.1; hence

y(brn) < y(/Bn) < Z/(aq) = Yq- (92)

Since y(by,) J 1 by (47) in Lemma 2.9, the sequence y(f3,,) is bounded. Thus r,d, — 0, so 5, — S, — 0.
Since 7,8, — x, we have §,, — x. Since x < a(y) and y(-) is strictly increasing by Lemma A.1, y(z) < y.
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Together, y, — y from (81) and S,, — x imply, by continuity of y(-), that d,, — d :=y — y(z) > 0. Also,
(85) gives By /rn = S$p + dy,. Therefore, for all large n,

d
ﬁ—n:sn+dn, 0<=<d,<2d, s,— o0
Tn 2

As a result, (90) is proved.
Case (b): x =0. Then r,s, — 0. Since

Sn > Sr, (yn) =cp, t+ y(brn) — Yn,

(48) gives ¢, — oo, while (47) gives y(by,) J 1 and compactness of I keeps y, bounded. Hence s, — 0.
If B, = by, , then B, — 0 by (47). If 8,, > b, , then (85) holds; multiplying it by 7, using compactness of
I, and applying (92) gives

Bn — TnSn = rpd, — 0.

Since 7,5, — 0, this also gives 3, — 0. Thus /3, — 0 in both cases. By (81), y, — vy, and by the inverse
relation together with (131) in Lemma A.1, y(3,) — 1. Hence

don —>y—1>0.

Moreover, (85) in the interior case and (86) in the endpoint case give 3, /ry, > sp + dy. Since d,, — d :=
y—1>0and s, — oo, (90) is proved.

Case (c¢): = = a(y). By (82), this is the only remaining subcase. Since r,s, — a(y) and a(yn) — a(y),
we have

Tnhn = T8 — a(yn) — a(y) - a(y) = 0.
The threshold equation G,,(a) =0 is
9r (@) = Tn(Sn + Yn) = a(yn) + rnYn + Tnhn = gr,{a(yn)} + rnhn,

where y{a(yn)} = yn. Since h, < 0 and g,, is strictly increasing by Lemma 2.12, the corresponding
threshold lies below a(yy,). To justify the existence and location of this threshold, choose > 0 such that

[a(yn) -1, a(yn)] - (07 aq)

for all large n; this is possible because a(y,) — a(y) € (0,a,). Since —rph, — 0 and g, > 1, for all large
n?
grata(yn) — 0t < grfalyn)} + rnha < gr,{a(yn)}-

Continuity and strict monotonicity of g, therefore give a unique f, € (a(yn) — 1, a(y,)) satisfying
Gry, (Bn) = gr,{a(yn)} + rnhn.
Moreover, the mean-value theorem and g, > 1 give
0 <alyn) — Bn < —r,h, — 0.
Because a(yy,) remains bounded away from 0 and a4, and b,, — 0 by (47) in Lemma 2.9, it follows that
by, < Bn < aq

eventually. Thus /3, is the threshold 8, in (83), so Gy (Br) = 0. The mean-value theorem applied to g,
now gives, for some &, between 3, and a(y,),

—Tnhn = gr,{a(yn)} — 9r,, (Bn) = (alyn) — Bu){1 + rny,(gn)}
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Therefore 3, < a(yy) and
—rphn

a(Yn) — Bn = m (93)
For some ¢, between 3,, and a(yy),
O = =/ (C) alun) — ). (94)
Combining (93) and (94) gives
sy = () —2L (), (95)

1+ rpy (fn)

Here r,s, — a(y) > 0. Also 8, — a(y) and a(y,) — a(y), so &, ¢ — a(y); hence /() — v'{a(y)} > 0,
while 1 + r,y/(&,) — 1. Since h, — —oo by (82), (95) yields

Spdy, — 00.
Thus (90) is proved.

This proves (77). Combining (76) and (77), and reducing ~ if necessary, proves (71).
Proof of (72). Fix h > 0. Equation (71) excludes a crossing before a(y)/r — h. Also,

gM(y) + {1 — gM(y)}e"W" > 1, ye1,

and the left side is bounded away from one on I, since I is compact, ¢M (y) < 1, and k(y) > 0. Therefore
(70), applied at h, gives a strict crossing by a(y)/r + h, uniformly on /. Hence

aly) _ h < Cr(—y) < aly)

T T

+ h.

Let A | 0. Then

o)~ W 0 rCi(-y) — aly),

uniformly on 1.
We now verify regularity with r fixed. Fix H = 1, and, for y € I and |h| < H, let &,(y, h) be the
threshold defined by (65). Write

Ror—y{plaly)/r + )}
pla(y)/r+h)

_ Wrlar(y, 1)} plar(y,h)/r}
pla(y)/r +h) pla(y)/r +h)’

The primary non-null is not rejected on this window. Indeed, for the corresponding index %, conditional
on Z = —y,

Nr(ya h) = qTo,r

Se(y,h) = [1 — gM{y(ar(y, h))}]

T, =cr + y(br) -y
Uniformly for y € I and |h| < H,

r|T;| < rep + rsup |y(b,) —u| — 0,
uel

whereas

T{CL(?"y)+h} :a(y)+rh2i1éf}a(u)—r}[
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is bounded away from zero for all sufficiently small r. Hence |T;| < a(y)/r + h throughout the window, so
the primary non-null is not rejected. By Lemma 2.12,

r

Rr,*y (a(y) + h) = Nr(yv h) + Sr(yv h)

We first differentiate the secondary non-null contribution S,(y, h). Equation (65) gives

IR CATADYS
Put \(z) = ¢(x)/®(x). Since —p/(z)/p(x) = A(x), direct differentiation gives
_gM'{y(ar(y, h)) ty'{ar(y, h)} r

1 —gM{y(a:(y,h)}  L+ry'{a(y,h)}

Maéi(y, h)/r} a(y)
Ty lanty T ( r T h> ‘

0 .
%a’l’(ya h)

0
% log Sr(ya h) -

The first term is O(r) uniformly, because I is compact and 1 — gM{y(&,(y,h))} is bounded away from
zero by (66) and (133) in Lemma A.1. Equations (66) and (69), together with (137) in Lemma A.2, give
(

A(10) ) - Al
r L+ ry'{a,(y, h)}
uniformly for y € I and |h| < H. Combining this with (73) yields

8y ) — w(y) {1~ gM(y)}e " (96)

= a(y)y'{a(y)} + o(1) = x(y) + o(1)

uniformly on the same set.
It remains to differentiate the null contribution. Put

. a(y)/r+h£ry 0 D(ry)
Vi—Z T Baly)/r+h)
Then
Ror—yiplaly)/r+ 1)} _ Qi + Q-
pla(y)/r+h) 2
e 2Q v A=)
+ aly T+
Tot _Quin (B 4 - .
o =0 () -
Since a(y) is bounded away from zero on I and a(y) < a4, for all sufficiently small r,
r r

uniformly for y € I and |h| < H. Applying (49) in Lemma 2.10 with A = a3+ 1 and T = sup,c;u
therefore shows that the quantities @+ are uniformly bounded. Moreover, (137) in Lemma A.2 gives

uniformly. Therefore

0
sup sup ‘N}(y,h)’ — 0. (97)
yel |h<H | Oh
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Since I is compact and x(y){1 — ¢M (y)}e*®" is strictly positive on I x [—H, H], (96) and (97) imply

N a(y)
f inf —R,_ h
gl;reluhl%HahR’ y( r T >>0

for all sufficiently small r.
After reducing « if necessary, (71) with hg = H and (70) with h = H give, uniformly for y € I,

sup Rn,_y(s) <1-—7, RT,—y (a(y) + H) >147.

ug<s<a(y)/r—H r

Thus,
Cr(—y) € (a(y) —H,M —|—H) ,

r r
and the crossing at C,.(—y) is unique within this local window. Fix such an r, a point y € I, and any
0 < p < Cr(—y) — ug. Split

[ug, Cr(=y) — pl = AU Ao,

where

)
r r

A:[u"’c’"(_y)_pm{“q’a(ry)_ﬂ’ Ao = (3. Oy (=) — o0 [ — g, W) ]

On A_, (71) gives R, _4(s) <1 —+. On Ay, if it is nonempty, strict monotonicity on the local window
gives

SeuAp Ry —y(s) < Ry —y{Cr(=y) = p} < Ry {Cr(—y)} = L.
s€Ao

This proves (16). For every p > 0, strict monotonicity supplies a point

aw

Ch(—y) < s < min {C’r(—y) o, W) H}

at which R,._,(s) > 1, proving (17). The null contribution

RO,T,—y{p(S)}

§ > qTo,r
p(s)
is smooth at the positive cutoff C,(—y), so C,(—y) is regular for each y € I and all sufficiently small r.
Therefore R (Co )}
r—y\P\Lr =Y
Dy(~y) = gmop—"2 — qLagy)(y) = M (y).
P(Cr(=y)) .
Here the convergence follows from (49) in Lemma 2.10, rC,(—y) — a(y), and 7, — 1. O

2.6.4 The regime z < —y,

Let y = —z. For y > yq, let a4(y) € (0,a4) be the unique solution of

qLa, () (y) = 1. (98)

For fixed y, the map a — L, (y) is continuous and

88a log Ly(y) = —a + y tanh(ay). (99)
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By Lemma A.1, this derivative is positive on (0, a(y)). Since y > y,, the same lemma gives a(y) > a4, so
a — Lq(y) is strictly increasing on [0, a4]. Moreover, by the definition of a4 in (36),

qLo(y) =q <1, qLa,(y) > qLla,(yq) = qM(yq) =1,

where the strict inequality follows from a, > 0, y > y,, and the monotonicity of cosh(ayy) in y > 0. Thus
continuity and strict monotonicity give exactly one solution to (98).
The next lemma analyzes the limiting conditional cutoff and FDP.

Lemma 2.14. For every compact I C (yq,00), uniformly for y € I,
rCr(=y) — aq(y), Dr(-y) — 1. (100)
Proof. Fix a compact I C (y4,00), and put
0r = inf(y —y4) > 0.
1= inf(y —yy)

Let
3r<y) =cr + y<br) - Y.

Recall from Lemma 2.12 that, for a € [b,, aql, g-(a) = a + ry(a). By Lemma A.1, g.(a) =1 +ry/'(a) > 0.
For s > s,(y), define

inf "47'79:5’ "47"7%3 # ®7

101
Qq, Ar,y,s = ( )

Ao = {3 € Brrag) : 0r(@) 2 (5 +9)}, Braps = {

For all sufficiently small r, the primary non-null is not rejected when s > s,(y). To verify the corresponding
sign assertion for the secondary non-nulls, note that, conditional on Z = —y, the value associated with
a € [br,ag] is

b,
4 +ya) —y > — + y(by) —supu. (102)
r r uel

The monotonicity of y(-) gives (102). Its right-hand side tends to infinity as r | 0, by (47) in Lemma 2.9.
Hence every secondary non-null value is positive for all sufficiently small r, uniformly over y € I and
a € [br,aq]. Thus the rejected secondary non-nulls are indexed by A, ;. If this set is nonempty, continuity
and strict monotonicity of g, show that it is the closed interval [, s, aq] and that

gr(ﬁr,y,s) > 7'(3 + y)-

Consequently, in the nonempty case,

Br,
= =52y —y(Brys) 2 Y~y = 01 (103)
If A,y s =@, its p,-mass is zero. Since p,({aq}) =0 by (41), the convention in (101) gives in both cases

pir(Ary,s) = pr([Bry.s, aq))-
Using (41), (133) in Lemma A.1, and (103) when the set is nonempty, we obtain

_
0< L 1t ([Bry.sr ag]) <

p(s+dr)
p(s) '

p(s)
Moreover,

inf s,.(y) = ¢ + y(by) — supy — oo,
yel yel
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because ¢, — 00, y(by) — 1, and I is compact. Therefore (147) in Lemma A.2 gives

T
SUp SUP 1, ([Brysr agl) — 0. (104)
yel s>s.(y) p(S)

The function (a,y) — L4(y) is C*°. Equation (99), together with ay(y) < aq < a(y) and Lemma A.1,
shows that

88 log Lo (y) > 0.
a a=aq(y)

The implicit function theorem therefore shows that y — a,(y) is continuous on (y4, 00). Since I is compact,

my = ;relg min{ag(y), ag — aq(y), aly) — aq(y)} > 0. (105)

Fix any 0 < § < my/2. For every y € I, continuity and strict monotonicity in a give

qLay(y)—5(Y) < qLay()(Y) =1 < qLay(y)+5(Y)-

Both strict gaps are continuous functions of y. Their minima over the compact set I are positive, so there
is v > 0 such that, uniformly on I,

Loy @)-s(W) <1 =27, qLo,4s(y) 2 1+2y (106)

The choice § < my/2 also gives

<a(y) — - <aly), (107)

uniformly for y € I.

Write gy (7) = log L. (y). The proof of Lemma A.1, through (134), shows that gy(z) > 0 for 0 <z <
a(y). By (107), every = € (0, aq(y) + 0) lies in (0,a(y)). Hence 0Ly (y) = Lx(y)g,(z) > 0 throughout
(0, 4(y) + 0), and therefore z — L,(y) is increasing on [0, oy (y) + 4].

For uy < s < s,(y), the population curve (44) and the fact that the primary and secondary non-null
masses sum to r + 7 give

Since s,(y) = ¢, + O1(1),
0<rs<re+0r(r)—0

uniformly for y € I and uy < s < s,(y). The set I is bounded, and this cutoff range lies in [0, A/r] for
some fixed A > 0 when r is sufficiently small. Hence (49) in Lemma 2.10 yields

RO,T,—y{p(S)}

o) L) +o(l) =1+0(1)

uniformly for y € I and uy < s < s,(y). Since mp, — 1 and p is decreasing, it follows that

5 q(r + )
Bry(s) <atol)+ o0y

For the remaining term, (43) and s,(y) = ¢, +y(b,) — y give

Q(T + TT) . - p{sr<y) +y— y(br)}
) - Ty
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Here 1 — gmg, is bounded. Also s,(y) — oo uniformly on I, and, because I C (y4,00) is compact while
y(br) — 1, the shifts y — y(b,) stay in a compact subinterval of (0,00). Thus (147) in Lemma A.2 makes
the ratio tend to zero uniformly on /. Thus,

sup R, _y(s) < q+o(l), uniformly for y e I.
'quSSgSr(y)

For s > s,(y), the term in (44) that corresponds to the primary non-nulls is zero, and (104) and (49)
in Lemma 2.10 give, uniformly for y € I and s,(y) < s < (aq(y) +9)/7,

Ry (o) = amo, 2r B

o ([Broy,s» aql) = qLrs(y) + o(1).

Combining these two ranges gives

sup Ry —y(s) < qLay(y)-s(y) +o(1) <1 —17. (108)
ug<s<(aq(y)—0)/r

Since rs,(y) — 0 uniformly on I and «a4(y) + ¢ is bounded away from zero, we have

O‘q(?/) + 9

— >5:(y)

for all sufficiently small r, uniformly on I. At the cutoff (o (y) + J)/r, the term in (44) that corresponds
to the primary non-nulls is zero, while the secondary term is nonnegative. Therefore (49) in Lemma 2.10
gives, uniformly for y € I,

o (agly) 6 Ro,r—y {p((0g(y) +8)/)}
R( r >2q”°* P((0qy) + 877

By (106), the right side is at least 1 + v for all sufficiently small . Hence

= qLa,y)+s(y) +o(1). (109)

ag(y) — 0 < rCr(—y) < a4(y) + 4.
Letting § | 0 gives
rCr(—y) — aq(y),

uniformly for y € 1.
We now verify regularity for each fixed sufficiently small r. Fix one 0 < 6 < mj/2 as in (105) in
Lemma 2.14 and consider the interval

aq(y) =0 _ _ag(y) +9
r - r '

The primary non-null has conditional value

T =cr + y(br) —Yy= Sr(y)'

It is positive for sufficiently small , uniformly in y € I, and it is rejected at cutoff s exactly when s < s,(y).
Since 6 < my/2 and m; < ay(y), we have ay(y) — 6 > my/2. On the other hand,

rsr(y) =rc, + T{y(br) - y} —0

uniformly for y € I, by (48), y(b,) — 1, and compactness of I. Therefore, for all sufficiently small r, for
every y € I and every cutoff s satisfying
(y)+9

aq(y) — 0 <s< 2
r - T

)
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we have

sely) < W20

Thus every cutoff in this interval lies strictly to the right of the primary value s,(y), so the primary
non-null is not rejected there. Moreover, uniformly for these y and s,
my
(s +y) = 9r(br) 2 agly) =0+ iy —y(by)} —br 2 o= —o(1) >0,
my
9r(aq) —r(s+y) 2 ag — agy) =0 +7(ys —y) 2 == —o(1) > 0.

Strict monotonicity of g, therefore implies that A, , s # @, that ., s € (br,aq), and that

0Bry.s r
gr(ﬁr,y,s) =r(s+vy), asy - 1+ Ty/(ﬁﬂ/ 5).

The threshold equation also gives
Brys =18 +1{y —y(Brys)} =rs +O(r)

uniformly. Hence, for all sufficiently small r,
my mr
S Prwe S a0

so the thresholds remain in a fixed compact subinterval of (0, a,).
For y € I and cutoffs s in the local crossing interval

M<S<M
r - r

I

write the null and secondary non-null contributions as

Ror,—y{p(s)}
p(s)

Then R, _y(s) = Npy(s) + Sy y(s). Put A(z) = ¢(x)/®(z), and abbreviate 8 = 3,,.5. Since

pB/r) 98 _ r

p(s) 7 0s 1471y (B)’

Suy() = [~ b () )] P0r2IT)

Nr,y(s) = qTo,r p(s)

Sry(s) = [1—qM{y(B)}]

the chain rule first gives

0 _ —aM'{y(B)}y'(B) 95

95 25 = TG @) os
P(B/r)198  p'(s)

p(B/r) rds  p(s)’

Using —p/(x)/p(x) = A(zx), this becomes
CaM{yB)y(B)

ﬁ log Sr,y(s) =

1—gM 1 !
RN
L+ry'(B) '
The compact containment of 8 in (0, aq), together with (133) in Lemma A.1, implies
inf  [1-qM{y(8)}] >0, sup — (IM'{y(B)}] +4/(5)) < co.
€
Irs—orq (y)| <6 |rsfgq(y)|§5
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Thus the first term on the right side of (110) is O(r) uniformly. For the remaining two terms, (137) in
Lemma A.2 and s < 3/r < r~! give

A(s)=s+0(r), AB/r)= g +0(r)

uniformly. The threshold equation g,(8) = r(s + y) is equivalent to

RERS

=s+y—y(B).

Consequently,

B/ B
M) = T3 = T Th (9

sy’ (B) +y(B) —y

+O(r)

- O(r) =0(1),
() (r)=0(1)
because rs, y, y(8), and /() are uniformly bounded. Hence
0
sup  sup —logS,y(s)| = O(1). (111)
Vel [rs—aq(y)|<s |05

Moreover, B.y.s/7 — s > d; by (103), s0 Br4.s/7 > s+ ;. Since p is decreasing on [0, 00), and since (133)
gives 0 < 1 — qgM{y(Bry.s)} <1, we have

p(S—F(S[).

0<S(s) <=0

Applying (144) in Lemma A.2 with x = s and § = §; gives

p(s +4r)
p(s)

uniformly on the interval. The last o(r) follows because (105) in Lemma 2.14 and 0 < 6 < m;/2 imply

0<8y(s) < < (14 s ) exp {—55[ — 52%} = o(r), (112)

o> QW) =0 mr
- T - 2r

whenever y € I and |rs — aq(y)| < ¢, and therefore

2 2
r 14+ 572) exp {—3(51 - 52]} <r Y1 +o0(1))exp {_m;j[ - 52[} —0

uniformly. Since 0;S,,y(5) = Sy y(5)0s log Sp.y(s), (111) and (112) imply

sup  sup 2"S’w(s) = o(r). (113)
Vel [rs—aq(y)|<é | 05
For the null term, put -

- stry Q _ D(ry)

TV T B(s)
Then
Ror—y{p(s)}  Q++Q-  0Q+ _ 0. {)\(S) A=) }
p(s) 2 T 0Os N
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Equation (50) in Lemma 2.10, together with (138) in Lemma A.2, gives uniformly for y € I and
Irs — aq(y)| <6

2
Qs = exp {—(2) . rsy} so, {Me - 2L < s r g o)
T 1—r
Therefore
19 ~(rs)2/2 - 9
;&N},y(s) =qe {—rscosh(rsy) + ysinh(rsy)} + o(1) = Q%La(y) +o(1). (114)

By (105) and (107) in Lemma 2.14, the pairs (rs,y) under consideration range over a compact subset
of {(a,y) :y €I, 0<a<a(y)}. Continuity, (99), and Lemma A.1 therefore show that 0y Ls(y)|a=rs iS
bounded away from zero uniformly. Combining (113) and (114) yields

inf

inf —R, _ >0
yel |rs—;?(y)\§6 ds " y(s)

for all sufficiently small 7.
Thus s — R, _,(s) is continuous and strictly increasing on [{aq(y)—0}/r, {aq(y)+d}/r]. Equation (108)

gives
_ -4
R, _y(s) <1—+, ug < s < YY) =9

while (109) puts it strictly above one at (aq4(y) + 6)/r. Hence C;(—y) is the unique point in this interval
at which R, _,{C,(—y)} = 1.
Fix 0 < p < Cp(—y) — uq, and write

On the part of [ug, Cr(—y) — p] below the local interval, namely [ug, C;(—y) — p] N [ug, Ly], Equation (108)
gives R _y(s) <1 —+. On the part inside the local interval, if [ug, C;(=y) — p] N [Ly, Uy| is nonempty,
then strict monotonicity of s — R, _y(s) on [Ly, U] gives

sup Rrﬁy(s) = Rr,fy{cr(_y) —pr < Rn,y{Cr(—y)} =L
LySSSC'r(_y)_p

Combining the two parts proves (16). For every p > 0, choose

Cr(—y) < s < min {Cr(—y) +p, ozq(yr)—ké} )

Strict monotonicity gives R, _,(s) > 1, proving (17). Finally, the null curve

Ro,r—y{p(s)}

p(s)
is smooth at the positive cutoff C,.(—y). Hence the crossing is regular in the sense of Definition 2.4.
Therefore (46) gives

5 — qmQ

Ro v —y{p(Cr(=y))}
p(Cr(_y)) .

Since rCy(—y) = a4(y) and 7o, — 1, (49) in Lemma 2.10 yields

D, (—y) = qmo,r

Dr(_y) — qLaq(y) (y)
Finally, (98) is exactly ¢Lq, () (y) = 1, so Dy(-y) — 1. O
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2.6.5 Conditional limit of D,
The following lemma establishes the limit of D,(z) as r | 0, with D, defined in Section 2.2.

Lemma 2.15. For every z ¢ {—1,—y,},
D, (z) — Dy(z). (115)

Consequently,
E[D,(Z)] — E[D«(2)] = {(q). (116)

Proof. If z > —1, Lemma 2.11 gives D,(z) — ¢. If —y, < 2 < —1, put y = —z and apply Lemma 2.13. If
z < —yq, apply Lemma 2.14. This proves (115).

At every regular crossing, 0 < D, < 1; the value assigned at nonregular points also lies in [0, 1].
Dominated convergence gives the convergence in (116). Finally,

E(D.(Z)] = aP(Z > —1) +q [  M(-2)é(=)dz + B(Z < —y,)

Yq B _
— ¢®(1) + ¢ /1 M(y)é(y) dy + B(y,)
= {(q).

2.7 Proofs of Theorem 2.1 and Propositions 2.2 and 2.3
Proof of Theorem 2.1. Fix § > 0. Choose a compact set
ECR\{-1, -y}

such that
0

| D21z dz > o) - 5.

E

The proofs of Lemmas 2.11, 2.13, and 2.14 give, for all sufficiently small r, brackets
Ar(2) < Br(z), z€E,

and a constant v > 0, such that

sup sup Ry.(c) <1—+, inf RT,Z{BT(z)} >1+7,
2€E ug<c<A(z) z€E

0| ™

sup  sup [Rogs(c) — Du(2)] <
2€E A, (2)<c<Br(z)

Fix such an r and put Cy = sup,cp By(z) < co. The DKW argument used in Theorem 2.7, with these
brackets in place of the regularity brackets, implies that for all sufficiently large IV,

B, [FDRa, (BH) > 0) - 5.

For such an N, some realization w* satisfies

5
FDR..+ (BH,) > £(q) — 3.
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By Lemma 2.8, choose 1 > 0 so small that
0
FDR” (BH,) > FDR,«(BH,) — 5> o)~ 0. (117)

The perturbed vector T has finite dimension N, mean vector (6;)Y, € RV, and covariance matrix
Yu* n, which has unit diagonal and is strictly positive definite by (32) in Lemma 2.8. Thus the bound
(117) establishes (5). Since ¢ > 0 was arbitrary, taking the supremum proves (6). O

Proof of Proposition 2.2. Recall from Lemma A.1 that, for y > 1, a(y) is the unique positive maximizer
of a = L4(y), equivalently the unique positive solution of

a(y) = ytanh{a(y)y}.

By the monotonicity of a(-) established in that lemma, a(y) > a(2) > 0 for y > 2, so a(y)y — oo and

aly) = tanh{a(y)y} — 1.

Y

Moreover,
0<y—aly) =yl —tanh{a(y)y}] < 2ye 2@ — 0.

Because a(y) is the maximizer defining M (y), we have M (y) = Lq(y)(y). Substituting the definitions of
L) (y) and é(y), expanding cosh(t) = (el +e7%)/2, and completing the two squares gives
~y?/2
M(y)é(y) = e~ @"/2 cosh{a(y)y}° Nor:
1
C2V2n
1 2 2
— e ly—a)}?/2 o —Hyta(y)}/2
e e {e +e } .

Consequently, M (y)¢(y) — 1/(2v/2m). The difference M (y)¢(y) — 1/(2v/2m) is integrable on [1,00).
Indeed, for all sufficiently large y, a(y) > y/2, so

[e—{a(y)2+y2}/2+a(y)y + e—{a(y)2+y2}/2—a(y)y] (118)

Yy— a(y) S 29€_y27

while

2
e trma¥/2 _ 1| < {y—;@/)} o~ W)/2 < o—v?/2.

It follows from the definition of ¢, that, as Y — oo,

[ Mwoway= e o) +o1) (119)

Y
227
Next, (118) gives

M(y) = %eyQ/2 [e*{y*a(y)}2/2 + e*{y+a(y)}2/2} = 3692/2{1 +o(1)}.

Since M (yq) = 1/q — oo, (131) in Lemma A.1 implies y, — oo. The identity ¢M (y,) = 1 therefore gives

yg =2log(1/q) +2log2 +o(1), yg=1/2log(1/q)+ o(1). (120)
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Equations (149) in Lemma A.2 and (120) give

By, < 2 _ o (q> — o(q). (121)

Substituting (119), (120), and (121) into (4) yields

U(q) = q®(1) +¢ {2\/%
log(1/q)

q
= —— = tcq+oq).

2y

Numerical quadrature of the absolutely convergent integral defining ¢, gives ¢, = 0.6492828 . . .. 0

+ep—P(1) + 0(1)} +0(q)

Proof of Proposition 2.3. Since q € (0,1), (3) gives M(yq) = 1/¢ > 1. By Lemma A.1, M =1 on [0, 1]
and M is strictly increasing on (1,00), so y, > 1 and M(y) > 1 for 1 <y < y,. Using (4),

o)~ g = (V) +q [ M(y)o(y) dy + B(u,)

{20 +/ o(0) dy + By}

—4q
—q [ (M) - Do) dy + (1 - )B(wy)

The integral is nonnegative, and (1 — ¢)®(y,) > 0 because ¢ < 1 and y, < oo. Hence ¢(q) > q. O

3 Upper bound for a class of common-factor models

In this section, we examine a class of common-factor models that contains the construction in Subsection 2.5.
We show that the upper bound is O(g+/log(1/q)), which gives matching orders for small g.

Ti=pi+a;Z +\1—a?e;, 1<i<m,

where Z,€1,...,Em are i.i.d. standard normal random variables and |a;| < 1. Form the two-sided Gaussian
p-values P; = p(|T;|) and apply BH at level 0 < q < 2®(1) ~ 0.3173. Let Ho = {i : u; = 0}, mo = |Hol,
and mo = mo/m. If u, is defined by 2®(u,) = q, then FDR(BH,) = 0 when mo = 0, and otherwise

FDR(BH,) < q{l + 7 (1;q + ;2(17)}

Consequently, the worst-case FDR in this common-factor class is O{q+\/log(1/q)}, uniformly in m, the
means ({1, .-, thm), and the loadings (a1, ...,am), as q | 0.

Theorem 3.1. Let

Remark 3.2 (PRDN for the two-sided null p-values). The theorem imposes no sign restriction on the
loadings a;, so the null correlations a;a; may be negative. Nevertheless, the two-sided null p-values satisfy
PRDN. Let Ty = (T; : i € Hp) be the null subvector, let ag = (a; : i € Hp), and put

Dy = diag(1 — a? : i € Ho).

The null covariance matrix is
Yo =Dy+ aoag .
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Assume first that |a;| < 1 for every null coordinate. Let
B = diag{sign(a;) : i € Ho}, 7= |aol,

with sign(0) = 1. Then
BYoB =Dg+rr'.

By the Sherman—Morrison formula,

Ditrr DY

Dy+rr")y l=p;t - 20— 0
(Do ) °  1+40TDy'r
Thus every off-diagonal entry of (Do-+rr")~! is nonpositive. The Karlin-Rinott absolute-value multinormal
MTP3 criterion [Karlin and Rinott, 1981] therefore applies to BTp, and (|(BTp),| : i € Ho) is MTPa. Since

|(BTy)i| = |T;|, coordinatewise sign changes do not alter the two-sided p-values p(|T;|).

If some |a;| = 1, define agn) = (1 —n)a,; for all i € Hg, and let n | 0. The corresponding absolute null

vectors converge weakly to (|T;| : ¢ € Hg). Under the measure-theoretic definition of MTPs, the class of
MTP, probability measures is closed under weak convergence [Colangelo et al., 2006]. Hence the limiting
absolute-value law remains MTPs. Appendix A.1 of Su [2018] then implies that the induced two-sided
null p-values satisfy PRDN.

Proof. A leave-one-out form of BH self-consistency is standard in FDR proofs [Benjamini and Yekutieli,
2001]; we include the argument for completeness. If my = 0, then V' = 0 identically and hence FDR = 0.
Assume henceforth that mg > 1. Fix a true null . Let R; be the BH rejection count after replacing its
p-value by zero; in particular, R; > 1. Pointwise in the p-value vector,

1{i is rejected}  1{P; < qR;/m}
RV1 N R; '

Indeed, if i is rejected, replacing P; by zero does not change the step-up rejection count. Conversely, if
P; < qR;/m, restoring P; leaves at least R; values at or below ¢R;/m. Thus at least R; values remain
below the BH threshold ¢gR;/m, so BH makes at least R; rejections. Coordinatewise monotonicity gives
at most R; rejections. Here ties cause no ambiguity: the BH rejection set is {j : P; < ¢R/m} and has
exactly R elements. If more than R values were at most gR/m, then Pry1) < qR/m < q(R+1)/m,
contradicting maximality of R. Summing gives the leave-one-out identity

1{P; < qR;/m}
FDR = E . 122

Conditional on Z = z, P; is independent of R;. Indeed, set s; = /1 — a? and let R(-) denote the BH
step-up rejection count. Then

Ri:R(Pl,...,Pi,1,0,3+1,...,Pm), Pj:p(|,uj+ajz+sjsj|), ]#Z

Hence, conditional on Z = z, R; is measurable with respect to o(e; : j # 4, s; > 0); coordinates with
sj = 0 are constants after conditioning. Meanwhile P; = p(|a;z + s;&;|) for a true null 4, or is deterministic
if s; = 0. Since ¢; is independent of {¢; : j # i}, the claim follows. With

Fi’z(t) = I[D(Pz S t ‘ Z = Z),
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and 0 < gR;/m < ¢,

. < . ]
B 1{P’—qR’/m}’Z:z]:E[1]P)<Pz‘§qu|Z:'zﬂRi>
R; R; m
_qE[Fm(qRZ’/m)‘Z:z}
m qRi/m
<9 gup Bz
m o<t<q t

=

(123)

Summing (123) over the true nulls gives

E (¢
IE(FDP|Z:2)§g Z sup — () (124)
m ieH, 0<t<aq t

To average (124) over Z, it remains to control
U F; (¢
/ ¢(z) sup Fiz() dz
—Uq 0<t<q i

for each true null .. We do this on |z| < ug; the event |Z| > u, is handled at the end by FDP < 1.
Fix a true null index i. Put r» = |a;] and s = v/1 — 72, and first suppose s > 0. Conditional on Z = z,
T; ~ N(a;z, s*). The inequality ¢ = p(u) = 2®(u) < ¢ holds if and only if u > u,, and in this case

Fi .(p(u)) = /uoo s_lgb{(x —a;z)/s}dx + /:O 8_1¢{(az +a;z)/s}dx.

2

Since s =1 — a2,

sTlo{(z —w2)/s} _ L {_ (r —a;iz)? a2 }
o(x) 5

The second tail is the same calculation with z replaced by —z. Choose n;,n_ € {—1,1} with {ny,n_} =
{=1,1} so that nya;z > 0 and n_a;z < 0. For z > u,

la;x — nyz| > (ru—|z|)4, lajx —n_z| > ru+ |z|.

Both right-hand sides are nondecreasing in u, so for u > u,,

o)z < 05 L (e 250 [ o) o

1 [em(ruamle /@)y o (rutlal?/ 2]

- 28V 2

because [° ¢(x) dx = p(u)/2. Taking the supremum gives

F; .(t) 1 Crun—121)2 /(22 _ 2 /(942
¢(z) sup —= < [e (rug—|2)3/(2%) 4 o= (rug+l2])?/(2s )} . (125)
o<t<q t 25/ 27
Integrating (125) over |z| < u, and using symmetry gives
" 6(2) sup Figlt) g o 1 (" Gu23/0) g 4 [ o ruat2?/2?) g, | (126)
—uy o<t<g 1 sv2m Lo 0
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The two integrals on the right-hand side of (126) are

/ e rug=2)2 /) g, / eI gy (1~ ),

0 0
/Uq e—(Tuq+Z)2/(232) dZ _ /(1+T)Uq e_yQ/(282) dy
0 TUq

Consequently, writing A = /(1 —r)/(1+r) € (0,1],

“ ) sup F; . (t) g< ! {

—ug o<t<qg U sv2m | Jo
(1+7’)uq) 1} (1—17)u,
(/") _ = /e (127)
{ < s 2 * V2
B 1 UgA

where the final equality in (127) uses 2 =1—72 = (1 —7r)(1+7),s0 (1+7)/s=1/Xand (1 —7)/s = \.
The right-hand side of (127) is increasing in A € (0, 1]. Its derivative is

Uq
\ 2T

because ug > 1 and, on putting w = A2 > 1,

12 Zexp{—u2/(22%)}] > 0,

we—uéw/? < we_w/2 < 2/6 < 1.

Hence (127) is at most
1 U 1—gq U,
Pug) — 5+ —F= = + —=.
(1) 2 V2 2 V2
When r = 1, the conditional p-value is deterministic. For |z| < uyg, it exceeds ¢, and the boundary |z| = u,
has Lebesgue measure zero; hence (128) remains valid. When r = 0, the conditional null p-value is uniform
and independent of Z; (128) remains valid, although it is not sharp.

Let A = {|Z] < uq}. Decomposing over A and A€,

(128)

FDR = E[FDP 1 4] + E[FDP 1 4].

For the first term, integrate (124) over z € [—uy, uq] and use (128). For the second term, no conditional
tail bound is needed: since 0 < FDP <1,

E[FDP 1 4] < P(A®) = P(|Z]| > ug) = 2P (uy) = q. (129)
Combining (124), (128), and (129) yields

q 1—g¢q Uqg 1—g¢q Ug )}
D Q+m < 2 +\/ﬂ> q{1+770< 2 +\/% ’

1€Ho

as claimed. 0
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4 Discussion

Theorem 2.1 and Proposition 2.2 show that two-sided Gaussian testing under unrestricted correlation can
have worse guarantees than the nominal BH level suggests. In particular, the BH procedure can have FDR
larger than its nominal level by a factor of order /log(1/q) as g | 0, so no universal constant multiple
of ¢ can bound its FDR over all Gaussian correlation matrices. Because the lower-bound construction
belongs to the common-factor class, Theorem 3.1 shows that the worst-case FDR within this class is of
exact order ¢/log(1/q) as q | 0.

There are, however, other procedures with valid FDR guarantees for dependent two-sided Gaussian
tests. One approach is the conditional-calibration framework of Fithian and Lei [2022]. The method
decomposes FDR into hypothesis-wise contributions and, for each null ¢, conditions on a statistic that
removes nuisance dependence while leaving a calibrated one-dimensional null distribution for the ith
p-value. Their concrete dependence-adjusted BH procedure (dBH) calibrates a hypothesis-specific cutoff
for the BH g-value and rejects H; when its ¢g-value falls below that calibrated cutoff. In general, dBH is at
least as powerful as the Benjamini—Yekutieli procedure; under PRDS, it is at least as powerful as BH
[Fithian and Lei, 2022]. Thus it provides finite-sample FDR control under known dependence without
paying the full harmonic-factor correction of Benjamini and Yekutieli [2001].

Another route is the fixed-X knockoff filter of Barber and Candeés [2015]. In a Gaussian linear model,
knockoffs augment the design with synthetic variables that mimic the correlation structure of the original
variables, and the resulting original-versus-knockoff comparisons create null statistics with the symmetry
needed for FDR control. The correlated-Gaussian-testing interpretation is made explicit by Li and
Fithian [2021], who recast fixed-X knockoffs as adding user-generated Gaussian noise to a Gaussian
estimator to obtain a whitened estimator, followed by conditional inference. Knockoffs can use structural
information and flexible feature-importance statistics unavailable to marginal testing. Their weakness
is that whitening can require enough added noise to erase much of the signal when the original test
statistics are strongly correlated, causing substantial power loss [Li and Fithian, 2021]. Knockoffs also
face a threshold phenomenon when the rejection set is small. The calibrated knockoff method of Luo et al.
[2025] uses conditional calibration to uniformly improve knockoff procedures, with especially large gains
in small-rejection regimes.

More broadly, understanding FDR, guarantees under dependence is essential because many real-world
test statistics are well approximated by a multivariate Gaussian law. In such settings, the correlation matrix
is often structured, but the induced two-sided p-values need not satisfy PRDS or the sign structure required
by standard positive-dependence arguments. Two-sided testing can destroy monotonicity even when
the underlying Gaussian variables have positive correlations. Procedures that explicitly use dependence
information, and theory that clarifies when BH itself is reliable, are therefore both needed.
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A Auxiliary lemmas

This appendix collects the properties of the envelope and Gaussian tails used to define and analyze v,
The following lemma characterizes the likelihood-ratio envelope.

Lemma A.1. For 0 <y <1, M(y) = 1. Fory > 1, a — Lu(y) has a unique mazimizer a(y) > 0,
characterized by

a(y) = ytanh{a(y)y}. (130)

The maps a : (1,00) — (0,00) and M : (1,00) — (1,00) are continuous and strictly increasing, with
li = lim M (y) = oo. 131
lima(y) =0,  lim M(y) = oo (131)
The inverse y = y(a) is continuously differentiable on (0,00), and

J(a) = 1 — y(a)® sech®{ay(a)}
tanh{ay(a)} + ay(a) sech*{ay(a)}

> 0. (132)
Moreover, with aq = a(y,), the deficit in the secondary survival mass satisfies
d
1—gM{y(a)} >0 (0<a<aq), 1—¢gM{y(ag)} =0, —[1—qM{y(a)}]<O0. (133)

da

Proof. Let
2

a
gy(a) =log L.(y) = - + log cosh(ay).
Then
g9y(a) = —a + ytanh(ay). (134)
If y < 1, then ytanh(ay) < ay® < a, so M(y) = Lo(y) = 1.
For y > 1, put t = ay. Equation g?;(a) = 0 is equivalent to
o 1
tanht’

y (135)

To verify the strict inequality needed below, let H(t) = tanht — tsech?t. Then H(0) = 0 and H'(t) =
2tsech? ttanht > 0 for ¢ > 0. Hence

d( t )_tanht—tsecth

— > 0.

dt \tanht tanh? ¢
Moreover, t/tanht — 1 as t | 0 and t/tanht — oo as t — co. Because y? > 1, (135) therefore has a
unique positive solution. The sign of gg/ changes from positive to negative there, so the solution is the

t
a(y) = Vttanht, y =/ ——t (136)

Both parameter functions in (136) are smooth and strictly increasing in ¢ > 0. They tend respectively
to zero and one as ¢ | 0, and both tend to infinity as ¢t — oo. Thus a(y) is continuous and strictly
increasing on (1,00), with a(y) — 0 as y | 1; the inverse function theorem applied to the second parameter
function also shows that a(y) is continuously differentiable. Since M (y) = Lq,(y), the chain rule and

aaLa(y) (y) =0 give

unique maximizer. Moreover,

M'(y) = M(y)a(y) tanh{a(y)y} > 0.

Thus M is continuous and strictly increasing. Also

1
M(y) > Ly(y) > §ey2/2 — 00.
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Finally, apply the implicit function theorem to
F(a,y) = a — ytanh(ay) = 0.
At the maximizer, with ¢ = ay > 0, equation (135) gives

tsech?t 2t

2 2

h = = < 1.
y” sech™(ay) tanht sinh(2t)

Consequently,
F, =1—1y?sech?(ay) > 0, F, = — tanh(ay) — aysech?(ay) < 0.
Thus (132) in Lemma A.1 follows from ¢/ = —F/F,.

It remains to prove (133). Since aq = a(y,), we have y(a,) = y4, and therefore 1 — gM{y(aq)} =
) =

by (3). If 0 < a < ag, then y(a) < y,; since M is strictly increasing on (1, 00), ¢gM{y(a)} < ¢M (y,
Finally,

;a [1—gM{y(a)}] = —gM'{y(a)}y'(a) <0,

because M’ > 0 on (1,00) and ' > 0 on (0, 00).

The final lemma collects the Mills bounds and quantile asymptotics used to control Gaussian tails.

Lemma A.2. The normal hazard \(z) = ¢(x)/®(z) is increasing on R and satisfies

r<Nz)<z+az ! (z>0). (137)
Moreover, as x — 00,
Mz)=z+z ' +0@3). (138)
As © — o0,
®(x) = qzsf){l +o(1)}. (139)
For every fixed 0 < 0 <1, as x — o0,
q)(z;) ~ %exp {(1_;%2} . (140)

For every 0 < H < oo, uniformly over |u| V |v| < H, as x — oo,

plx+u) z+v u? — v?
= — —v) — 1 1)}. 141
paty Huexp{ o(u ) {1+0(1)} (141)
If ¢ > 0 is fixed, then, as q | 0,
p~(cq) ~y/21og(1/q). (142)
In particular, for every fixed c1,co > 0,
-1
P~ (c19)
—1 (ql0
p~(c2q) (@t 0)
Finally, for x > 0, ,
20 (z) < e /2 (143)
Forx >0 and d§ >0,
p(z +9) —2 52
(@) < (1 +x )exp —zd — 5 (" (144)

Consequently, if £ — oo, then the following tail-ratio limits hold.
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(i) For every 0 < H < oo, uniformly over |u| V |v| < H,

plx +u) u? — v?
log XY (- ) — 1). 14
ng(x—i—v) z(u —v) 5 +o(1) (145)
(ii) For every 0 < H < oo, uniformly over |h| < H,
p(z) h
ek 146
e hfm 0
(iii) If 0 < 09 < 9§ < &1 < 0, then
)
p(z +9) —50 (147)
p(x)
uniformly in 9.
(iv) If 65 > 0 and xd, — oo, then
pEtos) g (148)
p(x)
Proof. For x > 0, the upper Mills bound follows from
_ 1 oo
B(x) < - / to(t) dt = ‘Z’f). (149)

Integration by parts gives

By = A0 [T g o) B

x t2 x x2

which proves the lower Mills bound

o(z) < B(). (150)

A further integration by parts gives

@(m):gb(l‘)—(x)—k?)/ooi(?dt,

x a3
where
Hence
B(x) = gb(;){l —a 2+ 0@},

and inversion proves (138) in Lemma A.2. Equations (149) and (150) imply (137) in Lemma A.2 for x > 0.
Since A(z) — x > 0 also holds trivially for = < 0, the identity

X(@) = (@) {A(@) — 2}

shows that A is increasing on R.

Equations (149) and (150) give (139) in Lemma A.2. Applying this at  and ox proves (140) in
Lemma A.2. Applying (139) in Lemma A.2 at x + v and = + v gives (141) in Lemma A.2, for every
0 < H < oo, uniformly over |u| V |v| < H. Moreover, as x — 00,

$2
—logp(z) = 5 + O(logz),
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which yields (142) in Lemma A.2 by inversion. To prove 2®(z) < e~*"/2

, set
d(z) = e /2 = 23(x).

Then d(0) = 0, limy_,o d(z) = 0, and

Thus d first increases and then decreases to zero, so d(x) > 0 for all x > 0. Finally, (149) and (150) imply

p(ac—l—(S) 1+ 22 52 9 52
< xp{ —xd — — 5 < + <D { —d — —
p(:c) _$(l‘+5)ep 0 2 _<1 )ep 0 2’

which proves (144) in Lemma A.2.
It remains to prove the four stated tail-ratio consequences. Taking logarithms in (141) in Lemma A.2

gives (145) in Lemma A.2, because
1 T+ v (1)
) =0
gx+u

for every 0 < H < oo, uniformly over |u| V |[v| < H. For (146) in Lemma A.2, apply (141) in Lemma A.2
with v = 0 and v = h/x. For every 0 < H < oo, uniformly over |h| < H,

p(x) z+h/x 2

= exp< h+ h
p(x+h/z) =z P

prel

} {1401} — €.

For (147) in Lemma A.2, apply (145) in Lemma A.2 with u = and v =0. If 0 < §g < § < 01 < 00, then

p(z + 0)

tog p(z)

< —z6p+ O(1) — —o0

uniformly in 0. Finally, (148) in Lemma A.2 follows from (144) in Lemma A.2 with § = 0, because
0, — 0. O
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